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1. Introduction

U. M. Swamy and G. C. Rao [8] proposed the notion of an Almost Distributive Lattice
(ADL) as a generalisation of most current ring and lattice theoretic extensions of a Boolean
algebra. As an extension of Heyting algebra [1] presented the notion of a Heyting Almost
Distributive Lattice (HADL) in [6]. If (H,v,A,— ,0,m) is a HADL, the set H* containing all
closed elements of H is both a bounded pseudo complemented semilattice and a bounded
implicative subsemilattice of H, as shown in [4]. Zadeh developed the notion of fuzzy set in
[10], which was extended by Goguen in [13] and Sanchez in [11] to define and explore fuzzy
relations. We also defined a binary operation v on (B*, A) and established that (B*,y,/\,* ,0, m)
is a fuzzy Boolean Algebra. In this study, we expand certain essential features of Dense
elements in BADFL using the fuzzy partial order relation given in [12].

In this paper, we explore the concept of dense elements in an BADFL (B, A) and prove
that the set D, (B)of all dense elements of B is an implicative filter of B. Also we establish an
fuzzy epimorphism of (B, A) into (B*, A) and prove the existence of an fuzzy epimorphism of

D,(B) into D, (B%B). Finally, we prove that (B*, A) and ([B*:B
Following are some significant results and definitions required for the study of dense

element characteristics on B-ADFLs.

]* , A) are fuzzy isomorphic.
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2. Preliminaries

Definition 2.1. [7]
Let (L, A) be a BADFL with a maximal element m. Suppose = is a binary operation on
L if and only if it satisfies the following conditions:
Ala=am)=1
A((@a=b)Ab,b) =1
A(an(a=b),aAbAm)=1
Ala=> (b Ac),(a=>b)A(a=>c)) =1
A((lanb) =c,(a=c)A(b=>c))=1foreverya,b,c € L.
Definition 2.2. [5]
Let (L,v,A,— ,0,m) be a HADL. An implicative filter is a non-empty subset F of L if
and only if
a,beF=>aNAbEF,
a€F,beElL=>b—->a€F.
Lemma 2.1. [15]
Let (L,v,A, — ,0,m) be a HADFL. Then for every a, b, ¢ € L, the following hold:
A(bAm,(a—b)Am) >0
AlahncAm<bAm)>0e A(cAm,(a—>b)Am)>0
A(la-» (b - c)]Am,[(aAb) > c]Am) >0
A([(aAb) > c]Am,[(bAa) » c]Am) >0
A(la-» (b->c)]Am,[b—->(a—c)]Am)>0
Lemma 2.3. [9]
Let (L, A) be aBADFL. Then, for every x,y € L with A(x*,x = 0) = 1, the following
hold.
A((xvy),x"Ay) =1
Alx,y) > 0= A(y*,x*) > 0,A(x™,y**) >0
AlxAx™,x Am)=1and A(x"* Ax,x) =1
AllxAy),(x=>y)Am) =1
A((xAm)s,x*) =1
A((x Ay)™, x** Ay™) = 1.

3. Dense Elements in B-Almost Distributive Fuzzy Lattices

In this section, we recall from that if (B,A) is a BADFL and x € B then B* =
{x,*:x, € B} of the set of all closed elements of B where A(x,*,x, = 0) = 1.
Definition 3.1

Let (B,A) be a B-ADFL with maximal element m,. Define D ») = {A(x,",0) =
1,x, € B} Then an element of D5 4) is called a dense element of (B, A).

It can easily observed that if d, € B then d € D 4y © A(d,"",m,.) = 1. Now we
prove that D g 4) is a implicative filter of (B, A).
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Theorem 3.1

Let (B, A) be a BADFL with maximal element m,.Then D3 4y is an implicative filter
of (B, A).
Proof. Let (B, A) be a BADFL with maximal m,. Let x,,y, € Dz 4). Then from lemma (2.3)
we have
A((xe ANYo)™, (e > Yo" ) Ame ) = A((xg A V)", (g = (Vg = 0) Ay )
A((xg ANy (Xg AYe) = 0AM, )
= A((xg A Ya)™, (xg = 0) A )
= A((xa A ya)*'xa* Am, )
= A((xg A ya)™,0)
=1 (@)
Let d, € D(ga), x € B, then we get A(d, Am,, (x, = dy) Am, ) > 0. This implies
A((dy Amy.)™, [(x = dy) Am,. ™) > 0 and hence
Ald,” Am,™, [(x, = dg)™ Am,*]) >0
Am, Am,™, (xg = dy)"* Am,*) >0
A(m,, (x, = dy,)™) >0

Therefore A((x = dp)*0) =1 ............ 2
From (1) and (2) Dp,4) is implicative filter of (B, 4).
Theorem 3.2

Let (B, A) be a BADFL with maximal element m, and a;: (B, A) — (B", A) be defined
by A(af(xa),xa**) = 1 for all x, € B and suppose x,,y, € B. Then

(1) af is fuzzy isotone

(2) A(af(xa A ya): ar (xa) A ar (ya)) =1
(3) A(af(xa v ya)' ar (xa) v ar (ya)) =1
4) A(ker ker (af),D(B,A) ) =1

Proof. Let x,,y, € B
Assume A(x,, y,) > 0 then by [lemma 2.3]
Alxa™, ¥a") = A(ay (xa) At (7)) > 0
Therefore af is fuzzy isotone
Al (g AYa), (g Nye)™) = A(ar (X AYe), Xa™ Aye™)

=A (af(xa AYa), (Off(xa) A “f(y“)))
=1

Aay(xa V ya), (Xa V Y)™") = A(ap(Xa V ya), (ta” A ya™)")
= Ay (e VY %™ V y™)
=A (af(xa V Va), (af(xa) v “f(ya))>

=1
Let x, € D(ga). Then
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A(xg",0) = Alxg™,m,")
= A(ar(xq), mc")
=1
Thus x, € ker(ay) = a;*(m,)
Conversely suppose that x,, € ker(as) = a;*(m,). Then

A (e, ar(xa)) = Alme, ™)
— A(me*, xa***)
= A(0, xa*)
=1
and hence x, € D(p 4.
Therefore ker(ay) = D (g 4.
.Theorem 3.3
Let (B, A) be a BADFL. Then for any element x,, of B there exists d € D 4) such
that A(x, Amg,x,*Ad) =1
Proof. Suppose that
AQxg A, x™* Axg Amg) = Alxg Amg, x,™ A (2™ = x)) =1
It is enough to prove that x,™ = x, € D(p 4).
Alxg™, (xg Ame)™) = A(x™, [x™ A (xg™ = x)]™)
= AGe,™ %™ A (g™ = xg)™)
=1
so that A(x,*, (x,** = x,)**) > 0and hence A((x,™ = x)*x, ) >0 ...
(1)
on the other hand, A(0, x,* A x,**) = A(0,x, Am,) >0
= A(xg" xa™ = (xg Ame)) = A", (x™ = xg) Am,)
SO that A((x,™ = x)" [(x™ = x,) Am,]*) = A((x,™ = x,)", %) > 0
............... 2
From equation (1) and (2) we get
A((x,™ = x,)5,0) =1
Thus x," = x, € D(B,A)-

Corollary 3.1

Let (B,A) be a BADFL and x,, y, € B such that A(x,**,y,**) = 1. Then there exists
dy € Dg 4y suchthat A(x, Ady Ame.y, Ady Am,) = 1.
Proof. Let x,,y, € B by above theorem, there exist d, ,d,, € D4 such that A(xa A
m,x, " A dal) =1and A(ya Am,y, " A daz) =1.

Let A(dg, dg, Adg,) = 1.

Then d is dense element of B and

Alxg Ndg A g, xg A Ady) = A(xg Adg A, dg, Ndg, Ndg,)
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= A(xg Ndg AMe, Y™ A dg, Ndyg,)
= A(xg Adg AMe, ¥y Ndy, Ndyg,)
= A(xa ANdg AMe,yo™ Ndg, Ndg, A dal)
= A(xg Ndg AMg, yg Ay Ady, ANdg,)
=A(xg ANdg Amg, Yy, Am, Ad,)
=A(x, ANdy Amg, Yy, ANd, Am,)
=1
Theorem 3.4
Let (B,A) be a BADFL with maximal element m Define af: (B,A) - (B*,A) by
(ar(xq), x4™*) = 1, x4 € B. Then a; is an fuzzy epimorphism.
Proof. For anyx,, y, € B, we have
A((xg = Y2)™ [(xg = ya) AMe]™) = Al(xe = Ya) ™" [(xa = Ya) A (g = m)]™)
= A((xa = Ya)**; [xa = (ya A me)]** )
= A((xg = Ya)™" [%0 = ™ AdD]™)
for some dense elements d,, in B.
= A((xq = y)™" [(xa = ¥ ) A (xg = dI]™)
= A((tg = y)™, (xg 2 Y2 A (g = dg)™)
=A((xy @ y)*, (xg @ V) Am,)
=A((x, 2 y)*", (" = v,) Am,)
= A((xa = ya)**' xa** = ya**)
= A (af(xa = Ya): af(xa) = af(ya)) =1
Thus a5 is an epimorphism from theorem 3.2
Theorem 3.5
Let (B, A) be a BADFL and x,, be an element of B. Then x,, is dense if and only if there
is an element y,, of B such that A(x, Am,,y,** = y,) = 1.
Proof. Assume x, is a dense element of B. Then
Alxg™ = xg,m, = xg) = A(xg™ = xq,mp A (M = x))
= A(x," = x4, me Am, AXg)
= A(x," = x4, X5 AM,)
=1.
Conversely assume that A(x, A m,,y,** = y,) for some y, € B. Then from the proof
of theorem 3.3. we have A(xy Ame, Yo ™ A Ye) = 1, (i.8.) ¥, = y, is a dense element of B
so that x, Am, is a dense element of B and hence x, is a dense element of B. Since
A(xy*, (x, Amy)*) = 1.
Definition 3.2
Let (B, A) be a BADFL and ¢: (B*,A) x (B,A) — (B, A) be a map such that
fa: (B, A) - (B, A) defined by A(f,(do), f (as, dg)) = 1 is an fuzzy endomorphism.

A(f (@q Abg,do), f(ag f (b, de))) = 1
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If A(ag, by) > 0 then A(f(by, dy), f(ag, dg)) > 0
A(f(o' da)' me) = 1:A(f(merda)r da) =1
forany a,, b, € B* and d, € B. Then f is said to be an admissible map.
Definition 3.3

Let (B,A) be a BADFL and f: (B*,A) x (B*,A) — (B,A) be an admissible map.
Define the relation 6, on (B*,4) x (B,A) by (a4, dg)0;(by, eq) © A(aq, by) =1 and
A(f(ag, dg Ame), f(ag, eqa Am,)) = 1. Then 6, is an equivalence relation on (B*, A) X

(B, A). We denote the equivalence class (‘;;;l) by [aq, dqlf.

Lemma 3.1
Let (B, A) be an BADFL. Then for any a,, b, € B*and d,, e, € B.
A(by,a,) > 0and A(f(aa, do Am,), f(ag eq A me)) =1.
Then A (f (be, do Ame, f (ba €0 A,))) = 1.
A([(ag, dgy), (bg,ex)]) > 0 © A(agy, b,) > 0 and (f(aa,da Am,), f(ag, eq A me)) >0

Proof. Let A(bg, ag) > 0and A(f(aq, de Am,), f(ag, e Am,)) =1
Now

A(f (baydo Ame), f (g A by, do Ame)) = A (f (b, da Ame), f (b, (@ do Ae)) )

= A(f (b da Ame), f(ba f(ag, 0 A)))
= A(f (b dog Ame), f(by A g, €0 A1)
= A(f (bg, dg AM,), f(ag A by, eq Amy,))
A(f(bg,dg Ame), f(bg,eq AM,)) =1
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