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1. Introduction

A generalization of the matrix inverse to the case of a singular or non-square matrix is known
as the generalized inverse (g -inverse).Similar to the inverse of matrices, the g-inverse of
matrices finds significance in numerous applications, including associative memories,
robotics, control, and signal processing. Zadeh [1] first introduced fuzzy sets (FSs) in 1965.
These are traditionally defined by their membership value or grade of membership. Assigning
membership values to a fuzzy set can sometimes be challenging. Atanassov [2] introduced
intuitionistic FSs to solve the problem of assigning non-membership values. Smarandache
[25] introduced the concept of neutrosophic sets (NSs) to handle indeterminate information
and deal with problems that involve imprecision, uncertainty, and inconsistency.

Cen [3,4] has discussed Fuzzy matrix partial ordering and generalized inverses and On
generalized inverses of fuzzy matrices.Khan and Pal [5] have studied Intuitionistic fuzzy
tautological matrices. Meenakhi and Inbam [6] have characterized The minus partial order in
fuzzy matrices.S.K. Mitra[7] has studied Matrix partial order throgh generalized inverses.
Xin[8] has focused on Convergence of power of a controllble fuzzy matrices. Shyamal and
Pal [9,10] have initiate Interval-valued fuzzy matrices and Two new operators on fuzzy
matrices Dehghan,Ghatee and Hashemi,[11] have studied the inverse of a fuzzzy matrix of
fuzzy number. Panigrahi and Nanda[12] have studied Intuitionistic fuzzy relations over
intuitionistic fuzzy sets. Pal[13] has characterized Intuitionistic fuzzy determinant.

Pal, Khan and Shyamal,[14] have studied Intuitionistic fuzzy matrices.Shyamal and Pal
[15,16] have studied distance between intuitionistic fuzzy matrices and its applications and
distance between intuitionistic fuzzy matrices. Sriram and Murugadas [17] have studied On

Vol. 71 No. 4 (2022) 13568
http://philstat.org.ph



Mathematical Statisticianand Engineering Applications
ISSN:2094-0343
2326-9865

semiring of intuitionistic fuzzy matrices. Mondal and Samanta [18] have initiate Generalized
intuitionistic fuzzy sets. Bhowmik andPal [19,20,21]have discussed Generalized intuitionistic
fuzzy matrices and Some results on generalized interval-valued intuitionistic fuzzy sets and
Generalized interval-valued intuitionistic fuzzy sets .

Khan and Pal[22] have studied The generalized inverse of intuitionistic fuzzy matrix. Adak,
Bhowmik and Pal [23] have discussed Some properties of generalized intuitionistic fuzzy
nilpotent matrices over distributive lattice. Rajkumar Pradhan and Madhumangal Pal [24]
have studied The Generalized Inverse of Atanassov’s Intuitionistic Fuzzy Matrices .

1.1 Research Gap

Rajkumar Pradhan and Madhumangal Pal [24] presented the concept of the Generalized
Inverse of Atanassov’s Intuitionistic Fuzzy Matrices. Here, we have applied the concept of
Interval valued Neutrosophic Fuzzy Matrices .We have examined some of the theorem and
extended concept to NFMs. We discussed various g-inverse associated with a regular
matrices and obtain characterization of set of all inverses by using Interval valued
Neutrosophic Fuzzy Matrices.

2. Definitions and theorems

Definition:2.1 IV Neutrosophic fuzzy matrix (IVNFM): An IV Neutrosophic fuzzy matrix
P of order mxn is defined as P = [Xij,< Piju, Pijx Pijv >]mxn Where pij, pijp and pi;v  are the
subsets of [0,1] which are denoted by piju = [PijuL, Pijuul, Pijx = [PipL, Pipu] and piy = [Pi,
pijvu] which maintaining the condition 0<pijuu + Pijru+ Pijvu < 3, 0=pijuL + Pijrt Pive <3,0 <
PpuL<pw=1,0<pu<pw=1L0<pr<pw=<1 fori=12,--mandj=1,2,--,n.

Definition 2.2 Suppose p and q are two NFM elements
P =< Py, Pijps Py, >0 =<0y, ;s 0y, > are component wise addition and multiplication
are described as,

Pp+Qg=<max { pija’qija}’ max { pijﬂ’qijﬁ}’min { pijy’qijy} >
and p.q=<min {py,,d, | min {L- Py, 10y, | max{p;,.dy, | >
Definition2.3(Transpose) The transpose P™ of an NFM P=|p, ]mxn is defined as

P’ =|:pji}nxm where Pii =< Pijie» Pjig: Pji, > -

Definition 2.4 ( IFPM) If each row and each column contains accurately one <1,1,0> and all
other entries are <0,0,1> in a square NFM, it is known as intuitionistic Fuzzy permutation
matrix.
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Definition 2.5 For [<[ it P 1 [P Piw L IR B >]e (IVNFM)m is called symmetric
IVNFM if

|:<[ jul? qu] [Plij’ IjVU][ ijAL? Ile]>:| |: J/.tL’ |J,uU] [PuvL’ IJVU] [Plle’ u/IU] :I

Definition 26 For P _[<[ jjuL? qu][ ijvL? uvU][ ijAL? |MU]>]and Q =
[ <[Qy Q0 1 [Qy» Qs 1[Qy0 Q1> | be two IVIFMS. Then,

P+ Q [< [ jul? qu] [ ijvL? uvU ] [ ijAL |MU ] >J [< [Qlij ’ Quyu ] [quL ! QI]VU] [Q|ML ’ QMU ] >:|
- [< [maX( IJ,L[L’QIjVL) maX( ijuJ 'quu )] > < [mln( u,uL’quL) mln( juu? |ij )] >,
<[min( .J,u_,Q.J,u_) min(P, v Qi )1>]

P Q |:< [ ijul? qu] [ ijvL? IJVU ] [ ijAL? Pile ] >J|:< [Qiij ' Qij;zU ]! [Qiij ! Qiij ]! [QijiL ! QijﬂU] >:|

Example:2.1 Let us consider IVNFM

o_ i <[0,0],[1.1],[L1] > <[0.1,0.3],[0.2,0.4],[0.2,0.5] > |

~1<[0.1,0.3],[0.2,0.4],[0.2,0.5] > <[0,0],[1,1],[L1] >

- <[0,0],[L.1],[L1] > <[0.2,0.4],[0.3,0.5],[0.1,0.5] > |
Q= | <[0.2,0.4],[0.3,0.5],[0.1,0.5] > <[0,0],[L,1],[L1] >

- <[0,0],[1,1],[L1] > <[0.2,0.4],[0.2,0.4],[0.1,0.5] >
Q _L [0.2,0.4],[0.2,0.4],[0.1,0.5] > <[0,0],[1L1],[L,1] > }

. <[0,0],[L,1],[L1] > <[0.1,0.3],[0.3,0.5],[0.2,0.5] >

Q= L [0.1,0.3],[0.3,0.5],[0.2,0.5] > <[0,0],[11],[L1] > }

ij

Definition 2.7 For P =[<[P,, P, 1.[Pu.Pu [P P]l>]€ (IVNFM)m and the

transpose IS PT |:<[ jiul? u,uU] [ jivL? IJVU] [ jiaL? ji/‘{U] >]'
Definition 2.8 For P =[<[P,, P, 1.[Pu. P[P Pu]l>]€ (IVNFM)m and the
Complement IS P [<[ ijaJ ijL][ ijvu ! IJVL][ ijau Ij/lL] >]

Definition 2.9 For [ <[R,,., Ry, 1. [Py, Puu 1. [Pys By 1> | € (IVNFM)m is called idempotent
IVIFM if

':<[ jul? |J/1U][ ijvL? uvu][ ijAL? |MU] ] I: [ julL? u,uu][ ijvL? IJVU][ ijAL? |MU]>:|
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Definition 2.10 ( IVIFPM) If each row and each column contains accurately one < [1, 1],
[1, 1], [0, O] > and all other entries are < [0, 0],[1, 1], [1, 1]>in a square NFM, it is known as
intuitionistic Fuzzy permutation matrix.

Example: Let us consider IVNFM [ <[S;,,, Sy, 1S Siu 1. [Sy0» Sy ]
< [0, 0], [t 1].[1 1]

=< [1 1].[1 1], [0, 0] Z z [0, 0], [1 1],
< [0, 0], [11].[1 1] > <

> < L1 [0, 0] >
1> <00 L1t 1] >

> < [0, 0], [ 1].[1 1] >
Definition:2.11 For [ <[P, . P, ][R P LIR . Puy]1>]€ (IVNFM)ma and  another
IVNFM [ <[Kj, Ko 1 [ K LK Ky 1> | € (IVNFM)nan satisfies the following

four condition is called moore penrose inverse.

(i) [< [Py Piw IR Piww L [Pjs Piau ] >:| |:< (K0 Ko I IK s Koo T IK 00 K] >:|

[< [F)ij/.tL’ Pij;,u 1 [Piij’ Piij 1 [PijﬂL’ PijﬂU] >] = |:< [Piij’ F)iij ]1[Piij’ Piij] >:|

( g-inverse)

(ii) [< [Kiij’ Kij,uU 1 [Kiij’ Kiij 1 [Kiju_’ Kij/lu] >] [< [Pij;zL’ Pij,LtU ]’[Piij’ Piij 1 [PijAL’ Pij/lu] >]

[< [Kij;zL’ Kiij 1 [Kiij' Kiij 1 [KijAL’ Kijﬂu] >:|

= |:< (K Ko 1 TG Ko 1K Ky >] (2-inverse)

(@i ([<IPus Pw 1IRw P 1Py P 1> ] [ < [KG Ki 1 LK Ky 1 LK Ky 1]

)'= [< [F)ij/.tL’ P I [Piij’ Piw I [Pij/lL’ Pij/lU] >] [< [Kij/.tL’ Kijw I [Kiij’ Kiw I [KijﬂL' Kiju ] >}
{1,3} inverses)

(iv) ([< [Kij,uL' Kijw I [Kiij’ Kiw I [KijﬂL' Kiju ] >] [< [Piij’ P I [Piij’ Piwu I [Pij/lL’ Pij/lU] >]

)T

:[< [Kij;zL’ Kiij 1 [Kiij' Kijvu 1, [Kij/lu Kijzu] >] [< [Piij’ Pij;,u 1 [Piij’ Piij 1 [PijﬂL’ Pij/lu] >:| {14}

inverses).

Theorem 2.1. Let
([< [Riue: Py LB B 1 [Ry PBa] >:| v |:< [Qy,.0 Qi 1 [Qy» Qi 1 [Qy1 Qi 1 >}) € Fon

be atwo IVIFMs. If [ <[Py, P, 1.[Pu, Py 1.IPy,. Py 1> |is regular then,

(a)
R([ <[Qyu0> Qo 1O Qo [y Q1> ) = R([< [Pyt P L IPys Prw L IPy . P 1> )
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ifF [ <[Qu,10 Qi 1 [ Qs 1 1Ry Qi 1> | = < Qs Qi 1 [ Q- Qs L[ Qu 1 Q1>
(<[P P 1R P 1 [Py, Piw 1> ] [ <[P Pw 1Py R LIRy Pu 1> for each

[<[ jjul? u,uU][ ijvL? uvU][ ijAL? |MU] :I |:< jul? u,uU][ ijvL? PIJVU][ ijaL? IMU] ]{1}

(b)
C ([< [Qiij’Qiij 1 [Qiij’Qiij 1 [Qile’QijAU] >:|) cC ([< [P il lij] [P, ijvL Iij] [P, AL IMU] >:|)

Iff |:< [Qlj,uL QIJ,LIU] [quL quu] [QulL QIJAU]>j| [<[ jul? u,uU] [ ijvL? uvU] [ ijaL? |j/1U]>]

':< [ jul? IJ‘uU ] [ ijvL? I]VU ] [ ijAL? IJ/lU ] ] |:< [Qij#L 1 Qijyu ]l [Qiij ' Qiij ]’ [Qing 1 QijAU ] >:| for eaCh
':< [ jul? I],UU] [ ijvL? uvU] [ ijAL? |MU] ] |:< jul? u,au] [PuvL PI]VU] [PulL |MU] ]{ }
Proof:

Let
R(|:< [Qiij’Qiij]'[Qiij'Qiij]1[QijﬂL’Qile]>:|)gR([<[PJyL qu][ ijvL? uvU][ ijaL? MU] })
then each row of[< [Qir Qi 1 [Qyu Qyuu 1 [QML,QW]>] is a linear combination of the

rows of [ <[P, Py LIPuw: Puu 1R P 1> -

[ <[Qyus Quuw 1 1Qu s Quu 1IQuss Q1> | = D2 < Dy X 1 DX X0 1 DXy X 1> |
[< [Py Pius 1Py Py 1 [Py Py 1> ] Where

[ <D X0 T D X0 1 D60 X0 1> | € F

That is | <[Qy,0 Qo 1 [Quus Quuu 1Ry Quav 1> | =[ < Doy X 1 Xt X 1 Xy Xy 1> |
| <[Py Pio 1P Pru L IPL, Prn 1> |

For some [< [Xijﬂu Xij 0 1 [Xiij’ Xijvu 1 [XijﬂL’ Xijlu] >:| € Fm :

or [< [Qij,uL 1 Qiij I [Qiij 1 Qiij 1 [Qij/lL ' Qijlu 1 >:| = [< [Xiij’ Xij I [Xiij’ Xijvu 1 [Xij/u_’ Xiju ] >:|
[<[ jul? u,uU] [ ijvL? IJVU] [ ijAL? |MU] >:||: J,aL IJ,aU] [ ijvL? uvU] [ ijAL? |MU] ]

[<[ juL? u,uU] [ ijvL? IJVU] [ ijAL? |MU] >:|

(Since [ <[Py, P01 [P Pw 1IRy P 1> = [ <[Py P 1P, P LR P 1> |

':< [Pu,uL u,uU] [PuvL IJVU] [PulL |MU]>:| |:<[ jjuL? IJ;AJ] [Plij uvU] [PljﬂL |MU]>:|)
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or [ <[Qs Qw1 [Quus Qo 1IQus Q1> = <[Qy+ Qs 1 IQu s Qs 1IQy Q1> |

[< [PuyL qu] [PuvL IJVU] [P|ML |MU]>:| |:<[ juL? IJ,uU] [PIjVL IJVU] [PML IMU]>]

Conversely, if [ <[Q;,1, Q] [Qu» Qs 1 [Q- Qv 1>

_[< I:QIJ;L QI]pU] [quL quu] [QML QIMU]>] [<[ fjul? IJﬂU] [ ijvL? uvU] [ ijaL? u/lu] >:|
[<[P'Jﬂ|- IJ/IU] I:plij IJVU] [ AL IMU]>:| then

[< [Qij; L Qiij ]’ [Qiij ) Qijvu ], [Qij,u_ ) QijAU ] >] = |:< [Xij,uL 1 Xij 0 ]’ [Xiij’ Xijwu ]’ [XijAL’ Xijau ] >]
[<[ juL? u,uU] [ ijvL? IJVU] [ ijAL? |MU] >:| I: J,uL IJ,uU] [ ijvL? uvU] [ ijAL? |MU] ]
[< [ jul? |J,uU ] [ ijvL? uvU ] [ ijAL? |MU] >:|

For some [< [Xijﬂu Xij 0 1 [Xiij’ Xijvu I [XijﬂL’ Xijlu] >:| € Fm :

or [< [Qij; L Qij;zU I [Qiij Qiij 1 [QijﬂL Qijlu ] >] = [< [Xiij’ X 1 [XiivL’ oy 1 [Xiifil-’ % ] >]
[< [P”ﬂl_ IJ/lU] [PuvL IJVU] [ ijAL? 'MU] >:|

(Since [<[ julL? lij] [ ijvL? uvU] [ ijAL? IMU] >] |:<[ julL? IJ,uU] [ ijvL? IJVU] [ ijAL? IMU] >]
[<[Ph: P LR Poo IR Piw 1> ] [< [Py P LR P LR P 1> )

This implies that
R(I:< [Qij,uL’Qiij]’[Qiij’Qiij]1[QijiL’Qij/IU] >:|) < R([< [PjﬂL u;U] [ ijvL? |ij] [ ijaL? ulu] ])
(i) Let
C (|:< [Qiij ! Qiij ]’ [Qiij ! Qiij ]’ [Qij/IL ' QijAU ] >:|) cC ([< [ jul? Ij/.lU ] [ ijvL? |ij ] [ ijAL? |MU ] >:|)

Then [< [QIJHL QIJPU] [quL quu] [QML QMU] >:| |:< [PU;IL uyu] [PuvL 'JVU] [ ijAL? 'MU] >:|
[< [YIJ,L LY Vijd ] [YuvL ijvu ] [Y|ML |MU] >:| (for some
[< [Yiij’ i 1 [Yiij’Yiij 1 [Yij/u_’ ijiU] >] eF,)

or [< [Qlj,uL Qljpu] [QIjVL quu] [QuAL QIM.U]>] [<[ jul? u,uU] [ ijvL? IJVU] [ ijAL? |MU]>]

[<[ jjuLl? qu] [ ijvL ? IJVU] [ ijaAL? uiU] >:| |:<[ jul? IJ,uU] [ ijvL? IJVU] [ ijaL? IMU] >]
[< [Yij,uL’Yiij ]’[Yiij’Yiij ]:[Yij/u_’ ijiu] >:|
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(AS [<[ jul? ,uU] [ ijvL? IJVU] [ ijaL? |MU]>:| |:<[ ijul? yU] [ ijvL? IJVU] [ ijaL? |MU]>:|

[<[ jjuL? qu] [ ijvL ? IJVU] [ ijAL? |MU]>:| |:<[P|ij’ IJ,uU] [PIjVL’ IJVU] [ ijAL? IMU]>])

That IS [< [Qlj,uL’QupU] [QIjVL’QIjVU] [QML’QIMU]>] |:<[P|ij’ IJ,uU] [PuvL’ IJVU] [ ijAL? |MU]>]
':<[ jul? u,uu] [ ijvL? IJVU] [ ijaL? |MU] >:| [< [QU#L Q”pu] [QU\/L QUVU] [QIML Q|MU]>:|

Conversely, if [ <[Qy,0, Q1. [Qu: Quuu 1[Qy0- Q1>

=[ <[P+ Puo L [P P L IP Piw 1> | [ <[P Piw LR Prw LR P 1]
[<[Qy.+ Q01 [Qu» Qi 1 [Qy» Q1> | then [<[Qy,: Q0 1[Quu Q1> =
(<[P P P Po 1P Py 1> ] [ < TR P L IRG Prw B[Py P 1> |

[ <[Py Puod [P P L [Py Pu 1> [< [Y.J#L,Y.,#U] i Yo 1 Do Y 1> |

(fOI‘ some |:< [Yij,uL ’Yij,uU ]’ [Yiij ’Yiij ]’ [Yij,u_ ’YijAU ] >] € Fn)

or [< [QIJyL QI]/JU] [Qlij QI]VU] [QML QljﬂU]>:| |:<[ jjuL? qu] [ ijvL? IJVU] [ ijaL? |MU]>:|
':<[Yij,uL’ iij]’[Yiij’ iij]’[YijiL’ ijiu]>:|

(as [< [ jul? IJ/IU ] [ ijvL? IJVU ] [ ijaL? |MU ] >:| |:< [ ijul? qu ] [ ijvL? IJVU ] [ ijaL? |MU] >:|
[< [ jjuL? qu ] [ ijvL ? IJVU ] [ ijaL? uiU ] >:| |:< [Plij’ ijuJ ] [ ijvL? IJVU ] [ ijAL? IMU] >])
That is

C ([ <[Qyu» Qs 1[Quy » Qs 1 [Qy- Qu 1> ]) = C ([ <[Pyt Prus L IRy P L [P P 1> ])

Theorem 2.2 Let  [<[P,,,Py,uLIPu P LIPu. Pu]> ] € Fynbe the regular IVNFM
[<[Gy,1Gi,u 1[Gy Gy 1[Gy, Gy 1> | be a g-inverse of

[<[ ijuL? IJ/IU] [ ijvL uvU] [ AL IMU]>:| .Then

() [<[6y0.G40 1[G Gy 1IG; . Gy 1> ] €[<[Phu. P [P, Pao LIP Py 1> ] {1}

(i) If [<[Si,0 S0 LIS S 1 [y Sy 1> and
[ <M T [T T 1 [Ty Ty 1> | are IVNFPMS, then

(<[ T 1M o 1M T 15 ] <0Gy Gy 1IG e G 1[Gy Gy 1> |

[< 0SS 1S Sy LISia Sy 1> ] €[ <ISyu0s Spp0 1 [y Syuw L[Sy s Sy 1]
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[< [F)ij/.tL’ P 1 [Piij’ Puu 1 [Pij/lL’ PijﬂU] >] [< FM T I I.Tiij’Tiij 1 I.—I-ij/lL T 1 >J {1}
(“I) |:< [ jul? u,uU ] [ ijvL? uvU ] [ ijAL? Pij/lu] >] |:< [Giij ’ Giij ]’ [Giij ! Giij ]’ [GijiL ’ Gij/lu ] >]

and [< [Giij’Giij]’[Giij’Giij]’[Gile’Gijﬂu] ] [<[ juLl? IJ,uU] [ ijvL? IJVU] [ ijAL? |MU] >] are
idempotent.

Proof:  Let  [<[G;,.G;, 1[Gy Gyl [Gyu.Gyy]>]be  a  g-inverse  of
[<[F)I]/JL’ IJ/IU] [PuvL’ IJVU] [ ijAL? |MU]>:|

Then |:< [Plij’ u;zU] [PuvL’ |ij] [ ijAL? u/IU] >:| |:< [Glj,uL’Gu,uU] [Glij’GuvU] [GuiL’Gu/IU] >]

[<[ ijul? u,uU] [ ijvL? uvU] [ ijaL? |MU] >:| |:<[ jul? u;zU] [ ijvL? IJVU] [ ijAL? |MU] >:| hOIdS'
Taking transform on both sides, we get

[ [ juL? I]/IU][ ijvL? IJVU][ ijAL? |MU]>j| I: [Gij/zL’Gij,uU]’[Giij’Giij]![GijiL’Gij/IU]>:|T
[ [ juL? I]/IU][ ijvL? IJVU][ ijAL? |MU]>j|T

I: [ jul? u,uU] [PUVL’ IJVU] [PM,L’ |MU]>:|

This implies that
T
[< [Giij ' Giij ]’ [Giij ' Giij ]’ [GijﬂL ! Gij),U ] >] I: [ jul? qu ] [ ijvL? |ij ] [ ijAL? |MU ] >:| {1}

(i) Since (<8850 T[Sy Sy 1 [Sya0 Sy 1> ] and
[< [Ty T LT Tiw LTy Ty 1> are IVNFPMSs,

[<[S, S0 LIS Sy 1Sy Sy 1> ] and [ <[Ty,0 T 1. [Ty Ty 1> | invertible and
4 T
':< [Siij’ Sij,uU I [Siij ) Siij I [Sijﬁ,L’ Siuu ] >] = [< [Sij,uL’ Sij#u 1 [Siij’ Siij 1 [Siju_’ Sij/IU ] >]
) T
[< i i) 1 Ui,-vL T 1, FML i ] >:| = [< il i 1 rriij i ],Fﬂm i 1 >:|
Now

[< [Slij’ IJpU] [SIJVL’ IJVU] [SIJ/'LL’ uﬂ,u] >] [<[ jul? Upu] [ ijvL? uvU] [ ijAL? IMU] >:|
[<[Qyu: Qi 1 1Qu Qs L[Qy1 Q1>
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[< [Qiij , Qij/lU I [Qiij , Qiij 1 [Qij/u ) Qij,w 1 >]T [< [Gij,uL ; Gij,uU 1 [Giij , Giij 1 [GijAL , Gij/lu] >:|
[< [Sij,uL , Sij,uU 1 [Siij , Siij I [Sij/u_’ SijAU 1 >]T

[< [Siij ; Siij 1 [Siij' Siij 1 [Sij/lL’ Sij/lu 1 >] [< [Piij’ Piij 1 [Piij’ Piij 1 [Pij/lLv Pij/lu] >]

[ <1Qyu Quuo [+ Qs 1 [Qy 1 Qs 1> |

= [< [Siij’ Siij 1 [Siij ' Siij 1 [Sile’ Sij/lu ] >:| |:< [Piij’ Pij;zU 1 [Piij’ Piij 1 [Pij,au Pij,w] >]

(<9 Qu 1R Qus 1R Q1> [ <Ryt Ry Qs Qs 1R Q15T |

.
<[Siues S0 LISy Siu L [Sians Sy 1>
[< [Gij,uL’Giij ]1[Giij ) Giij ]’[Giw_ ) Gij/IU] >] [ ke e e ]

[<[S, S0 LIS S L[Sy Sy 1>
(<[P Piw 1P Piw IRy Piu 1> [ < [Q Qi 1 [Qu Qo 1[Qy 0 Q1> |
= [< [Sij,uL’ Siij 1 [Siij’ Sijvu 1 [Sij,u_’ Sij/lu] >:| [< [Pij,uL’ P, 1 [Piij’ P 1 [Piju_’ Pijiu] >:|

[< [Giij , Gij,uU 1 [Giij , Giij 1 [Gij/u_ , Gijlu ] >] [< [Pijm_! Piij 1 [Piij’ Piij 1 [Pij,u_v Pij,lu 1 >]
[ <1Qyu Quuo [+ Qs 1 [Qy 1 Qs 1> |

(8 [ <[Qy,0+ Q0 1L Qo 1Ry Qs 15 [ <[Q40 Qi 1 [ Qs Qs 1[Qy . Qo 15 =1

(<0840 Siy0 105 S 10y Sin 1> ] [< 1Sy Sy 1LSiue s S 1[S00 Sy 1> ] =D(as
[ <[P Puw 1P Po 1 [Py, Puu 1> | [ <[Gy,u Gy 1[G Gy 1[Gy, Gy 1> |
[<[Py:Puud [P Puu [Py Pw 1> | = [ <[Py Poo 1P Pao L IP, Pin 1> | =

[ <SS 1Sy S L[S Sy 1> | [ <[Py P Py Prw L [Py P 1> |

[< Q0+ Qo 11 Qs 1 [Qy - Qi 15 J[< My T 1Mo T 1T Ty 15

[<[Gy: Gy 1[Gy .G 1[Gy Gy 15 1 < ISy Sy L[S Sy 1Sy Sy 1>
e[ <8y Siw L[S S LISz Sian 1> [ <[P Pauw 1 IPuws Pro IR Py 1>

[ <M T 1 M T LT Ty 1> {1

(I [ I)Agam ([< [Giij ) Gij,uU ]l[Giij’ Gijvu 1 [Giju_v GijAU] >][< [Pij,uL’ Pijyu 1 [Piij’ Piij 1 [Pijm_v Pij/lu] >])
([<[Gyu G 1[Gy Gyuu 1IGy1 Gy 1> [ <[Py Prw L IPu Po L IPL Prw 1> ])

= ([< [Giij , Gijyu 1, [Giij ) Gijvu 1 >] [< [Pijm_v Piij 1 [Piij' Piij 1, [PijAL’ Pij/lu] >] [< [Gijm_ ) Gijyu 1 [Giij ) Gijvu] >:|)
[< [Pij;zL’ P 1 [Piij’ Y 1 [PijAL’ Pij/lu] >]

= [< [Gij,uL ) Giij 1 [Giij’ Gijvu 1 [Gij/lL’ Gij/IU 1 >][< [Pij,uL’ Piij 1 [Piij’ Piij 1 [Pij/u_’ Pile 1 >]
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':< [Glij GIJ/JJ] [GuvL GuvU] [Glle Guﬂu] >:||:<[ ijul? uyu] [PIJVL uvU] [RML MU] >:H:< [GIJ#L Gu;zU] [GIJVL GIJVU] [Gu)L GulU] >:|
= [< [Giij | Giij I [Giij | Giij I [Gij/lL | GiMU ] >]

ThUS |:<[ ijul? qu] [ ijvL? IjVU] [ ijAL? IJ/IU] >:| |:< [Gu;zL’Gu,uU] [GIJVL’GIJVU] [G|ML'GIJ/1U] >]
and |:< [Gij,uUGij,uU]’[Giij’Giij] ]I:<[ jul? IJ,L:U][ ijvL? IJVU][ ijAL? |MU]>] are IdempOtent

Theorem 2.3  Let [ <[Py Puwd [P P[Py Pul>]be  an  IVIFM
[< [Yij,uL’Yij,uU]’[Yiij’Yiij]’[Yile’ ijAU] >] ’[< [Zij,uL’Zij,uU]’[Ziij’ ijvu]'[zij,u_’ ijAu ]]
e[ <[Py P [Phus Pou 1 [P P 1> 111 and

[< [Xij;zL’ Xij 0 1 [Xiij' Xijvu 1, [XijﬂL’ Xijau 1 >] = [< [Yiij , Yij/.tU 1, [Yiij ; Yiij 1, [YijﬂL , Yijiu] >:|

|:<[ juLl? IJ,uU] [ ijvL? IJVU] [ ijAL? |MU] >] |:< [Zu,uL’ IJ,uU] [ZuvL’ZuvU] [leiL’ ijau ]] Then
|:< [le,uL’ uuU] [levL' IJVU] [XuﬂL' |MU] >} [< [ ijuLl? qu] [ ijvL? IJVU] [ ijaL? ij&U] >:| 1' 2 that iS
[ < DX X0 1 DX X0 1 D0 X0 1> i a semi inverse of

|:<[ juL? IJ,L[U][ ijvL? IJVU][ ijAL? |MU]>]

Proof:

since [ <Dy Yoo 3D Yoo D Yo 1> ) [ <120 Zyw 1IZg s Ziw 1 Zy Zy 1
e[ <[R:Ruu [Py Ruu LR, R 1> {1

= <[Pju: Pow 1. [Pic Po L IPsac Piao 15 [ < i Yio 1 D Yo 1D Yo 1> |
[<[Py:Pod [P Puo [P Pu 1> | = [ <[Py Piw TP Piw 1Py P 1> ]
=[ <[P R LR P LR Rn 1> [ <124 Zyw 120 231> |
[ <[P P 1P Pio 1 [P Puud> | =[ <[Py Piw 1 [Po s Pao LIPL Pru 1> |

as |:< [Xiij | Xiij ]! [Xiij’ Xiij ]’ [Xij/lu XijﬂU ] >:| = [< [Yiij ’Y'ij ]! [Yiij ’Y'ij ]! [YijAL ’YijiU ] >:|
|:<[ jjuL? IJ;AJ] [ ijvL? uvU] [ ijAL? |MU] >:| |:< [Zu,uL’ qu] [ZuvL'levU] [ZuiL' ijau ]:I

801 [<[ julL? U#U][ ijvL? IJVU][ ijAL? |MU]>] [<[X|]/4L’ IJyU] [ ijvL? |ij] [ ijAL? |MU]>:|

[<[Pyu:Poud [P Puo L [P Pw 1> | = [ <[Py Piw L IPw Prw 1P P 1>

|:< [Yiij ’Yiij 1 [Yiij’Yiij ]![Yile’YijﬂU] >][ <[P il IJ/.tU] [P ijvL uvu] [P AL PiMU] >]
[< [Ziij’ Zij,uU 1 [Ziij’ Ziij 1 [Zij/IL’ Zij/lu ]]
|:<[ juL? upU] [ ijvL? IJVU] [ ijAL? |MU]>]
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= ([< IRy Piw TPy Pr LIP Pro 1> T < Do Yio 1 i Yo LY Yoo 1> 1 < [P P LR Po 1 IPy, P 1> )
[< [Zu,uL’ u,uU] [levL’ZuvU] [ZuAL’ IMU]] |:<[P|WL’ IJ,uU] [PuvL’ IJVU] [ ijAL? |MU]>]

_|:<[ jul? u,uU][ ijvL? I]VU][ ijAL? |MU]>] |:<[Z|J,uL’ upU] [ZuvL’ZuvU] [leﬂL’ |J/1U]]
|:<[ juL? IJ,L[U][ ijvL? IJVU][ ijAL? |MU]>] [<[ julL? lij][ ijvL? uvU][ ijAL? |MU]>]

Also,

[< [Xij,uL’ Xij 0 1 [Xiij’ Xijwu 1 [XijAL’ Xijau 1 >:| |:< [Pij;zL’ Pij,uU 1 [Piij’ Piij 1 [Pij,u_’ Pij/lu] >:|
[< [Xij,uL’ Xij 0 1 [Xiij’ Xijwu 1, [Xij/u_v Xijau 1 >] =
|:< [Yiij i LY Yio LDYG0 Yo 1 >J[ <[R il IJyU] [Py Pivu 1 [Py Pyl ]
[< [Zij,uL’ Zij,uU 1 [Ziij’ Ziij 1 [Zij/lL’ ZijAU ]]

|:<[ juL? IJ,uU] [ ijvL? IJVU] [ |le’Pile]>]

|:< ij,LlL’Yij/lU]’[YijVL’YijVU]’[YijZ,L7YijﬂU] >:||: [ jjulL? u,uU] [ ijvL? IJVU] [ ijAL? |MU] ]
[< [Ziij’ Ziij 1 [Ziij’ Zijvu 1 [ZijﬂL’ Zij/lu ]]

=[ <D Vi 1 i Yo 1 D Yo 1> |

([<IPyus P LIPu Prw LIP P> [ <12 Zio 1 Zs Zio W Zs Zio [ < TPy P L IPss P 1 IPy P 1> |
(<D Vi 1 D Yo 1 D Yo 15 [ < TPy Poo L [Psw s Pro 1 [P P 1>

{[< [Zy00 Zys 12 2y 112450, 2301 | ]
[ <D Vi 1 D Yo 1 DY Y 1> |

[<[ it Pio 1 [Py By L IPyLs .,;U]>][<[Yij,,L,Yi,-ﬂU],[Yi,»vL,Yi,-vU],[YM,YMU]>]

[[4 P 1P P 1Py P 1> J

[ < (2o Zis 1 Zi s Zis 1 LZ4 Ziao 1] 15[ < Do Vi 1 D Vi 1 DY Yo 1>
[<[Psu: Pow 1 [Po Poo 1P P 12 [ <24 Zi,o 12w Zis L[240 Zi 1

= [< [Xij,uL’ Xij 0 1 [Xiij’ Xijvu 1 [Xij/w Xijzu 1 >]
So, [ < DX X0 1 DX X0 1 DX X0 1> i a semi inverse of
|:<[ jul? upU] [Plij’ IJVU] [PML’ IMU] >]

Theorem 2.4 Let  [<[PR,.,PuuLIPu RuwllPu Pul>|eF,,be an IVNFM and

[< [Xij,uL’Xij;zu]’[xiij’Xiij]’[XijAL’XijAU] :| |:<[ juL? u;zu] [ ijvL? IJVU] [ ijAL? |MU] >:| then
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[< [Xiij’ Xij 0 1, [Xiij’ Xijwu 1, [XijﬂL' Xijﬂu] >] € [< [Pij/,tL’ Pij/,U 1, [Piij’ Pijvu 1, [Pij/lL’ Pij/lu 1 >} {2} if and

only if R([ <[Py, Py 1IPys oo 1 IRy Piau 1> 1< Dy X0 1 D X0 DX X0 1> )
=R ([< [Xiij’ Xij 0 1, [Xiij’ Xijwu 1 [Xij},L’ Xijau 1 >]>

Proof: [< [Xij,uL’ Xij;,u ]’ [Xiij’ Xiij ]’ [Xij/u_’ Xij,w ] >] € |:< [Pij,uL’ Pij;zU ]’ [Piij’ Piij ]’ [Pij/lL’ Pij/zu] >] {1}
implies

[< [Xij,uL’ Xiij ]’ [Xiij’ Xiij ]’ [Xiju_' Xij/lu ] >] |:< [Pij,uL’ Pij,uU ]! [Piij’ Piij ]v [Pij,u_' Pij/lu] >]

[ < DX X0 T D X 1D X0 1> 1= [ < D0 X0 1 D X0 1 D6 X501 |

That is [< [Piij’ Piij 1 [Piij' Piij 1 [PijﬂL’ Piuu ] >] € |:< [Xij,uL’ Xij 0 1 [Xiij’ Xijvu 1 [Xij/IL' XijﬂU] >:| {1}
Hence

[<[Pju: Pio 1 IPw Pru L IPs Pry 1> |

[ < DX X0 1 D X0 1 DX X0 1> |

(Since |:< [Pij,uL’ Pij,uU ]’ [Piij’ Piij ]’ [Piju_’ Pij/iu ] >] |:< [Xij,uL’ Xij,uU ]’ [Xiij’ Xiij ]’ [Xiju_’ Xij/lu] >] is
idempotent)

R ([< [Xiij 1 Xij 1 [Xiij’ Xijuu 1 [Xijzu Xiju 1 >]) =R

Conversely, let
R([ <[Py Pio 1P Pro 1P P T2 [ < Do X0 1 D X0 1 D60 X301 )

= R([ <[Py, Pow 1IPs Pw 1IPy Py 1> ) Then for pair of matrices
[ <[P P BIP P LR Rw 1> [ < Dy X0 D X 1 DX X 1> ] iF the
product [ <[Py, Py0 1IPu: Pivw 1P P 1> || < Do X0 1 Do X0 1 DX X0 1> |
defined S0,
R([< [Py P 1 1P Pavo 1 1Py P 15 T < DX X 1 DX X0 1 D60 X501 )

cR ([< [Xiij’ Xij 0 ]’[Xiij Xijuu 1, [XijiL’ Xiju 1 >])

That is, [< [Xiij » Kij 0 1 [Xiij’ Xijvu 1 [XijﬂL’ Xiiu 1 >:| = [< [Yiij Vi 1 [Yiij Vi 1 [YijAL i 1 >:|
[< [Ri.: B L [P Puu LIPL, Bl >] |:< (X s X0 1 DX X0 T D200 X0 ] >} , for some

[< [Yij,uL’Yiij 1 [Yiij’Yiij 1 [Yij/u_ ’YijiU 1 >:| ek,
So, [< [Xijﬂu Xij o 1 [Xiij’ Xijwu 1 [XijAL’ Xiiu ] >]
([< [F)ij,uL’ R 1 [Piij7 Piw I [Piju’ P ] >][< [Xij,uL’ Xijuu 1 [Xiij7 Xijuu I [Xij/?,L7 Xij/lu] >])
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= <D Yo 1 D Yoo L Do Yo 1> ] [ <[P Prw LR Poo 1. [Py Pw 1> |
[ <D X0 1 D X0 1 DX %0 1> |
([<IPyu Poo 1P Pro B IRy Piau 1> 1< Do X0 T DX X0 1 DX X0 1> )
or, [ < DX %50 1 D X0 1 DX 501> ] [ <[Pyt Pis 1 [P Pro 1Py P 1> |
[ < D %50 1 D X0 1 D20 %20 1 ] =] < Wi Yo 1 i Yio 1 i Y 1 |
[ <Py Pow L IPu Pro 1Py Paaw 1 11 < DX X0 1 DX X0 1o g0 X0 1> ]
[ <[Py Poo 1P Piu L IR Pru 1>
[ < D %50 1 D X0 1 D20 %20 1 ] =] < Wi Yo 1 DY Yio 1 i Y 1 |
[ <[P Puw 1P Poo 0P P 1 | [ < D X0 1 D X0 1 D60 X0 1> | =
[ <D X0 1 D X0 1 DX X0 1> |
Hence,
[ < D X 1 D X0 1 D60 501> | €[ <[Py P 1Py Pivo 1. [Py, P 1> {2}
Theorem 25. If [<[Psu:Pyw [Py Piu L IPy P> € Fbe @ symmetric and

idempotent IVNFM then [ <[P, P, 1.IPy, Pyu1.[Py, Puy]>] itself a least square g -

inverse.

Proof. Since [ <[Py P 1P o 1 [P, P 1> is symmetric,
[<[Piij’F)ij,uU]![IDiij’Piij]i[PijﬂL’ ij/lU]>i|T = [<[Piij’ ij,uU]![Piij’ iij]i[PijﬁL’PiMU]>i| and
[<[ juLl? IJ,L[U] [ ijvL? IJVU] [ ijAL? |MU]>] iS idempOtent’

[<[ juL? IJ,L[U][ ijvL? IJVU][ ijAL? IJAU]>]2_ |:<[P|J,uL’ upu][ ijvL? |ij][ ijAL? |j/1U]>:|

NOW ':< [Sij,uL’ Sij,uU ]’ [Siij’ Siij ]’ [SijiL’ Sij;LU ] >]
|:< [ jjuL? qu] [PUVL’ IJVU] [P|ML’ |MU] >:| [< [PuyL’ u;zU] [PUVL’ IjVU] [P|ML’ |MU] >:|

if [< [Sij,uL’Sij;zU]’[Siij' Siij ]'[Sij,u_’ Sijzu] >] =1,
Then [<[ juL? u;zU] [ ijvL? IJVU] [ ijaL? |j/IU]>i|[< [SuyL’ qu] [SIjVL’ uvU] [SML’ MU] >]

[<[ jjuL? qu][ ijvL? IJVU][ ijAL? |MU]>i| [<[ jjuL? qu][ ijvL? IJVU][ ijAL? |MU]>:|

2
[<[Pij,uL’Piij]’[Piij’Piij]’[PijﬂL’PijﬂU]>:| I: [ ijul? qu] [PIJVL’ uvU] [Pu/lL’ u/lU] ]

_|:<[P|ij’ IJ,uU] [PuvL’ IJVU] [ ijAL? |MU]>]
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That is
[<[ ijul? u;zU][ ijvL? IJVU][ ijaL? |MU]>:| |:<[ ijuL? qu][ ijvL? |ij][ ijAL? |MU]>:|{1}

NoW ([ <[Py,c. Py 1. [P P 1 [P P 15 1< Dt X T D X0 1 D X1 )
= [< D X0 1 Do X0 1D %01 ] [ <Py P L LPy s P LR P 15
= [< Dt X501 Do X0 1 D X015 ] [< TPy P 1 [Py P 1 [Py Py 1]
=[<[Pyue: Pro L [P Puo 1P Prn 15T (<P P 1 IR P [P P 1]

(Taklng [< [le,uL' qu] [XuvL’ IJVU] [leﬂL’ |MU] >:| |:<[ jjuL? qu] [ ijvL? |ij] [ ijAL? |MU] >:|

as [ <[Py, Piw 1 [Py Puu 1IPL Py 1> | itself a g-inverse)
_|:<[ jjuLl? qu] [ ijvL? IJVU] [ ijAL? |MU] >:| [<[ jjuL? u;zU] [ ijvL? uvU] [ ijAL? I:)iMU] >} =
[<[ jjuL? u,uU] [ ijvL? IJVU] [ ijAL? |MU] >:| |:< [leyL’ u;zU] [levL’ |ij] [le/IL’ IJ/IU]>:|

This implies
[<[ juL? u;zU] [ ijvL? IJVU][ ijAL? |J/1U]>:| |:<[ ijuL? u;zU] [ ijvL? IJVU] [ ijAL? |MU]>:| 13

Theorem 2.6. If [ <[Py Puo [P P[Py Pry1> ] € Fybe @ symmetric and

idempotent IVNFM then [ <[P, P, 1,[R, P 1. [Py, Py 1> | itself a minimum norm g -

inverse.

Proof. Since [ <[Py P 1P o 1 [P, P 1> is symmetric,
[<[ juL? IJ,uU][ ijvL? IJVU][ ijAL? |jAU]>]T = [<[ jul? IJ,uU][ ijvL? IJVU][ ijAL? |jAU]>] and
[ <[P+ Piw I[P P 1 [Py P 1> is idempotent,

[<[F)IJ/JL’ u,uU] [Plij’ IJVU] [ ijaAL? |MU]>:|2 = |:<[P|J;1L’ qu] [PuvL’ IjVU] [ ijAL? |J/1U]>:|

Now [ <ISyu0s Sy L[Sy Sy L[Sy Sy 1> |
|:<[ ijul? upU][ ijvL? IJVU][ ijAL |MU]>i| [<[ ijul? u;zU][ ijvL? |ij][ ijAL |MU]>:|

It [< [Sijﬂl— ’ Sii;zU P I:SiivL' Siij 1 [SiML’ Sijzlu ] >] =1,

That is
[<[ julL? IJ,L:U][ ijvL? IJVU][ ijAL? |MU]>] |:<[ julL? IJyU][ ijvL? uvU][ ijaL? |MU]>j|{1}

NOW ([< [Xu,uL’ lj,uU] [XuvL’ IJVU] [XML’ IJlU]>jH:<[ ijul? lj,uU] [ ijvL? IJVU] [ |j/1L’PijﬂU]>})T
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- [< [ julL? u,uU ] [ ijvL? |ij ] [ ijAL? |MU ] >:| [< [XIJ,uL’ ijuJ ] [ ijvL? IJVU ] [ ijAL? |MU ] >]
- |:< [ jul? u,uU ] [ ijvL? uvU ] [ ijAL? MU ] ]I:< [Xij,uL7 Xij,aU ]’ [Xiij' Xiij ]! [XijﬂL’ Xijlu] >]T
- [< [ jjuLl? u,uU ] [ ijvL? uvU ] [ ijaL? Pij/lu ] >:||: [ ijul? u;zU ] [ ijvL? IJVU ] [ ijAL? I:)iMU] >:|T

(Taklng [< [XI]yL’ I]pU] [XuvL’ IJVU] [leiL’ IMU] >] |:<[ juL? Ij/JU] [ ijvL? uvU] [ ijAL? |MU] >:|

as [ <[Py, Py 1. [Py P 1IP By 1> | itself a g-inverse)
_|:< [PIJ/lL’ I],uU] [PuvL’ IJVU] [P|ML’ |MU] >] |:< [ jul? 'J/IU] [ ijvL? |ij] [ ijAL? u/IU] >:| =
|:< [leyL’ u;zU] [levL’ |ij] [lelL’ I]/IU] >:| |:<[ ijuL? qu] [ ijvL? |ij] [ ijAL? ile] >J .

This implies
':<[P|ij’ IJ,uU] [PuvL’ IJVU] [PIJZ.L’ |j/IU]>] |:<[P|J,uL’ u;zU][ ijvL? |ij][ ijAL? |JAU]>] 14

Theorem 2.7. If [ <[Py, , Py, 1.IPy.. Poy 1.IPy s P 1> | € F, be @ symmetric and idempotent

IVNFM, then
[< [Pij,uL’ Pij;zU]i[Piij’ Piij]’[PijAL’ Pij/lu] >:|+|:< [Hiij’ Hij;zu]'[Hiij’ Hijvu]’[Hile’ HiJ'/"LU:I >:| for all
[ <[Hyuo Hio 1 IHg Hio LIH . H 1> | € F such that

|:<[ jul? ILuU] [ ijvL? |ij] [ ijaL? IJ/‘{U]>:||:< [GuyL’Gqu] [GuvL’Glij] [GIJiL’GIM.U]>j|

>[<[ ijuLl? u;zU][ ijvL? uvU][ ijAL? |MU]>:|
[ <[Hyu Hiw L IHg Hio LIHG Hy 1> is the set of all {1,3} inverses of
':<[P|ij’ IJ,uU] [PI]VL’ IJVU] [ ijAL? leU]>] dominating

[<[ juL? IJ,L[U][ ijvL? IJVU][ ijAL? |MU]>]

Proof. Since [ <[Py, . Py, 1.IPw: Py ] [Pys. Pyay]>] is symmetric and idempotent IVIFM,

':<[P|ij’ IJ,uU] [PI]VL’ IJVU] [P|ML’ leU]>] |tSE|f |:<[ jul? I]IuU] [PuvL’ |ij] [Pu/IL’ |J/IU]>:|{1 3}

inverse. Let B denote the set
[< [Pij,uL’ Piij 1 [Piij’ Piij ]v[Pij/lu Pij/lu ] >:| +[< [Hij,uL’ Hij;zU ]'[Hiij’ Hiij ]’[Hile’ Hijzu] >:| for all
[<[Hyur Hiw 1L IH Hio LIH . Hy 1> | € F such that

|:<[ juLl? u;zU] [ ijvL? |ij] [ ijaL? |J/1U]>:||:< [Gu,uUGu,uU] [GI]VL’GIJVU] [Glle’G|JAU]>]

>[<[ juLl? ILuU][ ijvL? IJVU][ ijAL? IJiU]>j| [<[H|ij’ 'J,UU] [HIJVL’ uvU] [HuAL’ |MU]>j|
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Suppose

[< [Glj,uL’Gu,uU] [GuvL’Glij] [Glle’G|JAU]>] [<[ jul? qu] [ ijvL? IJVU] [ ijaL? |MU]>] 13
,then

[< [GuyL’Gu,uU] [GIJVL’GIJVU] [G|ML'GIMU]>:| |:<[ jjuL? qu] [ ijvL? |ij] [ ijAL? |j/1U]>] 1 3

|:< [GU/IL' u/tu] [GuvL’Guvu] [GIJM-’G'MU]>] [ <[R il ”/‘U][ fjvL? ”VU][ AL MU] ]
_|:<[H|j,uL’ IJ/IU] [HuvL’ uvU] [HIML’ 'J/Iu:I }

Let
since[ <[Py, P01 [Py P L [RyL, Py 1> {13}

[ <[Gyu+Giw 1[Gy, Gyu 1[Gy, Gy 1> | 2 [ <[Py Po L [Py P LIRL Py 1> |

[ <[Hy Hyw LG Hi LIHG0 Hy 1> 12 [ < TP Pl 1 IR P 1 IPL R 1> |
Implies, | <[Py, R0 1.[Pys Puo IR P> || <[Gy,: Gy 1[Gy s G 1[Gy Gy 1> |
S G A N P P B

([<[P]yL IJ,uU][ ijvL? IJVU][ ijaL? MU] :| |:<[Hiij'Hiij]v[Hiij'Hiij]v[Hij).UHijlu]>])

[ <[P Piw 1 [P Puo LIP Piw 1> ] 2 [ <[P Pro 1 [P Pao LIP R 1> -

.Now, [<[Gy,.Gy,0 1[Gy Gy 1[Gy Gy 1> | €

[ <[Py Puud [P P LR P 1>
[ <[Py Pow IR Puu 1. [Py Py 1> |
[ <[Py Puu [P R LRy R 1> ]
[ <[Py Puud [P P LRy R 1>
[ <D X0 1D X0 DD X0 1> ] of  [<[PL P L IR Pro LIP P 1> ]
[ < D %50 1 D X0 1 D520 %0 1> ] = <[Py P 1P P L IPya s P 1> | (B

[ <[Py Piw [Py Piu 1. [Py, Py 1> | s idempotent).

1,3land

3linverse o) as the set

{
i
i
{

13 consists of all solutions for

Thus [< [Piijv Pij;,u 1 [Piij’ Piij 1 [Pij/iL’ Pij/lu] >] [< [Giij ' Giij 1 [Giij , Giij 1 [Gij,u_ ) Gij/lu] >] =

[<[ jjuLl? upU] [ ijvL? IJVU] [ |jAL’RjAU]>]'
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This gives

[<[ jjuL? u;zU][ ijvL? |ij][ ijAL? |MU]>:|

([< [Py P LR Pro LRy Py 1> |+ [ < THi Hio 1 IH G Hio LIHG L Hiy 1)
|: [ jjul? u;zU][ ijvL? |ij][ ijAL? IJ/IU]>:|

That IS [<[ jul? u;zU][ ijvL? IJVU][ ijAL? |MU]>:| |:<[ ijuL? IJ,uU][ ijvL? IJVU][ ijAL? |MJJ]>J

[ <[Hi Hio 1 H Hi DG Hio 1> |

Now by 1)
|:<[ jjul? qu] [ ijvL? |ij] [ ijaL? IJAU]>]|:< [Gu,uL’Gu,uU] [GuvL’Glij] [Glle’GleU]>i|

>[<[ jul? ILuU][ ijvL? IJVU][ ijAL? IJlU]>j| ':<[Hlij’ u,uU] [HIJVL’ uvU] [HuAL’ |MU]>:|
Hence [<[ ijuL? u;zU][ ijvL? |ij][ ijAL? |JAU]>:| |:<[HI]yL’ qu] [HuvL’ IJVU]>:|€ﬂ

Thus for each [< [Gijurr Gy 1[Gy s Gy 1[Gy, Gy ] >] €

[<[P,wL, Piw I[Py B L IR Pyl >] {1,3} there exists a unique element in .
Conversely, for any [ <[G;,, Gy, 1[G, Gy 1[Gy Gy 1> | € B,

[< [ juL? IJ,uU ] [ ijvL? IJVU ] [ ijAL? IMU] >] |:< [Gu,uL ' Glj,uU ] [GuvL ' GIJVU ] [GML ' GIJ/IU ] >:| -
+|:<[HIJ/1L’ u,uU] [HIjVL’ uvU] [HML’ |MU]>] |:<[ juL? lij] [ ijvL? IJVU] [ ijAL? |MU]>j|
[< [ ijuL? |J,uU ] [ ijvL? IJVU ] [ ijAL? PiMU ] >:| [< [ jjuL? ijU ] [ ijvL? uvU ] [ ijAL? PijﬂU ] >:|

with
[<[Hij,uL7 ijyu]’[Hiij’ iij]v[Hij/IL’HijﬂU]>:|

Hence |:<[ juLl? u;zu][ ijvL? IJVU][ ijaL? I]/‘LU]>i||:<[HIJ,uL’ u;zu] [HIJVL’ IJVU] [HML’ |MU]>]

':<[P|ij’ upU] [PIjVL’ IJVU][ ijaL? |MU]>:| [<[ jul? |];1U][ ijvL? uvU][ ijaL? IJ/‘{U]>:|
[<[H|ij’ I],uU] [HIJVL’ IJVU] [HuAL’ |MU]>j| [<[ jul? IJ,L[U][ ijvL? IJVU][ ijAL? Ijﬂ.U]>i|

So, .Now, |:< [Giij ' Giij I [Giij ' Giij I [Gij/u_ ' Gij/lU ] >:| <

[ <[Py Puod [P R L [Py P 1> {13} -

Theorem 2.8. If [ <[Py, , Py, 1.IPy.. Py 1.IP. P 1> | € F, be a symmetric and idempotent
IVNFM, then
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[< [ ijul? |J;4U] [ ijvL? IJVU] [ ijAL? I:)ij}LU] >:| +|:< [Kiij’ Kiij ]’ [Kiij' Kiij ]’[Kile’ I‘<iMU] >J for a”
[ <K Ko 1 K Ko LK Ky 1> ] €F, such that

[< [P Piaw I[Py Piwu I[P 0 Piau ] >] [< [Gijus G 1[Gy » Gijuu 1[G » Gijau 1 >]

2 |:< [Kiij’ Kiij ]’[Kiij Kiij]7[Kijﬂ.L’ Kile ] >:|[ [ ijuL? I]/JU] [PIJVL7 IJVU] [PML’ uﬂU] >:|

is the set of all {1,4} inverses of [<[P,,,P;,,1.[Pu. Py ][ Py]l>], dominating
[<[ jjuL? IJ;AJ] [ ijvL? IJVU] [ ijAL? |MU]>:|

Proof. Since [ <[Py, . Py, 1.IPu. Pyw 1. [Pyas P 1> is symmetric and idempotent IVNFM,

[<[ juL? u,uU] [ ijvL? IJVU] [ ijaL? |MU]>:| Itself |:<[ jjul? qu] [ ijvL? IjVU] [ ijAL? ij/lU]>:| {1!4}
inverse.

Let B denote the set
[< [ jjuL? |J,uU ] [ ijvL? IJVU ] [ ijAL? |MU] >:| |:< [Klj/_tL’ upU] [KI]VL' KIJVU] [KulL’ |MU] }for a”
[ <[Hyu Hi 1 [Hy Hiw 1> | € F, such that

|:< [ jul? ILuU] [PuvL’ |ij] [P|ML’ ijau ] >:| |:< [GI]yL ' Guyu ] [GuvL’ GIJVU] [Gljﬂ.L’ GIMU] >]
2 [<[ il I]/_tU] [R ijvL uvu] [R AL Pij/lu] >][< [Kiij’ Kij/_tU ]1[Kiij' Kiij 1 [Kij/lu Kij/lu] >]

Suppose |:< [GIJ/JL’GI“JU] [GIjVL’GIjVU]>:| [<[ ijuL? IJ/_[U] [Plij’ IJVU] [ ijaL? IMU]>:| 14 then
[< [Glj;lL’Glij] [GuvL’GuvU] [GuAL’GuiU]>j| |:<[ jul? u,uU][ ijvL? uvU] [ ijaL? IMU]>]

Let[< [GuyL’Glij] [Glij’GuvU] [GML’GuAU] >:| |:<[ ijuL? qu] [ ijvL? IJVU] [ ijAL? uiu] >:|

= [< [Kiij’ Kiij 1 [Kiij’ Kiij 1 [Kij/lL’ Kijiu] >:|

Since
[<[ jul? IJ,L[U][ ijvL? uvU][ ijaL? IM.U]>j| 13 [<[ julL? u,uU][ ijvL? IJVU][ ijAL? I]/‘LU]>:|

':< [Giij ! Giij ]’ [Giij ' Giij ]' [GijAL ! Gij/lu] >] = ':< [Piij’ I:)ij,uu ]’ [Piij’ I:)iij ]’ [PijAL’ PiMU ] >]
+|:< [Ku,uL’ u;zU] [KuvL' KuvU] [Kljﬂ.L’ ijAu ] >] |: Ij,uL’ Ij;zU] [ ijvL? uvU] [ ijaL? Pij/lU] >j|'
Implles [< [PuyL' ijuJ ] [PuvL' IjVU] [ ijAL? IJ/IU] >:| [< [Gu,uL ’ Gu;zu] [GuvL ! GI]VU] [GML ' GIMU] >]

>[<[ ijul? u;zU][ ijvL uvu][ ijAL? |J/1U]>:|
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([ <[Py P IPss oo 1 IP s P 1> [+ < [K s Koo IR Ko LK o K 15 )2
(<[P Puu P Po IR Po 1> T < [P Puw L IPu P LR P 1>
>[ <[Py Pow P Pro LIPy P 1> | oo (1)
Now, [<[Gy,..Gy,0, 1[Gy, Gy 1[Gy Gy 1> | €
[<[Py: Piw 1IPs Puo 1 [P, Py 1> J{1 4} and
(<[P Pro L [P Puo LIRy Py 1> {1, 4} itself
[ <[Py.:Piw 1 [Py Pow 1 [Py P 1> {1, 4} inverse S0 as the set
[ <[P Pl [P Puol [Py Piy1> {14} consists  of all  solutions  for

[< [Xij,uL’ Xij 0 1 [Xiij’ Xijuu 1 [Xij/u_’ Xiju 1 >:| of [< [Xij,uL’ Xij 0 1, [Xiij’ Xijvu 1 [Xij/u_’ Xijau 1 >]

|:<[ ijul? ijU] [ ijvL? uvU] [ ijaL? u/lU] >] |:<[ jjul? u;zU] [ ijvL? |ij] [ ijaL? Pij/lU] >:| (aS

|:<[ jul? IJ,uU] [ ijvL? IJVU] [ ijAL? IMU] >] IS IdempOtent)

ThUS |:< [Glj,uL ' Glj,uU ] [GIJVL ’ GI]VU ] [GuAL ' GlMU ] >] |:< [ jul? u;zU] [ ijvL? |ij] [ ijaL? uﬂ,U] >] =

|:< [ juL? IJ,uU ] [PuvL’ ijvu ] [P|ML’ IMU] >]

This gives

(|:< [ ijuL? IJ/JU ] [ ijvL? IjVU] [ ijAL? |MU] >] [< [KIJyL’ IJ/JU] [KIjVL’ KI]VU] [KML’ Ij/lu] >])

|:< [ juL? IJ,uU ] [PuvL’ ijvu ] [PML’ IMU] >] |:< [ juL? 'J#U] [PIjVL’ IJVU] [P|ML’ |MU] >]

That is

[<[ jul? IJ/JU] [ ijvL? uvU] [ ijAL? IMU] >] |:< [KuyL’ IJyU] [KIjVL’ KI]VU] [KML’ IMU] >:|

|:< [ juL? IJ,uU ] [PuvL’ ijvu ] [PML’ IMU] >]

Now by oy

|:< [Gu,uL ' Glj,uU] [GIjVL ! GIJVU ] [GuAL ’ GIMU] >:||:< [ jul? IJyU] [ ijvL? IJVU] [ ijaL? IM.U] >]
':<[H|“1L’ qu] [HIJVL’ I]VU] [HuAL’ IMU]>:| |:<[ jjuLl? qu] [ ijvL? IJVU] [ ijAL? |MU]>:|

Hence

[<[ jjuL? uyu][ ijvL? IJVU][ ijAL? |MU]>:| [<[K|ML’ |J;4U] [KIJVL’KIJVU] [K|ML' |MU]>:|€ﬂ

Thus for each [<[Gyu0-Gyus 1[Gy -Gy 1[Gy, Gy 1> |

[ <[Py Puo L [P Puu 1 IPy Pyy 1> J{L4} there exists a unique element in B.
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Conversely, for any [ <[G;,,,Gy,, 1[Gy, Gy 1[Gy Gy 1> | € B,

[< [Gij,uL ) Giij 1 [Giij ) Giij 1 [Giju_ ) Gij/lu ] >] = [< [Piij’ Pij,LlU 1 [Piij’ Piij 1 [PijAL’ PijAU] >]
+|:< [Kij,uL’ Kiij ]’[Kiij' Kiij ]'[Kij/u_’ Kij/lu ] >] 2 [< [Pij,uL’ Piij ]’[Piij’ Piij ]’[Pij/u_’ Pijiu] >]
with [< [Gijutr G 1[Gy » Gy 1[Gy » Gy 1 >] [< [Riue: By LR P I[Py B >]

>[ <[Ki Ko 1 IK Kio 1K 0 Ko 15 ] [ <P Pro L IPs s Pow 1 [Py Pro 1> ]
Hence | <[Gy,.,Gy,u 1[Gy » Gy 1IGy Gy 1> | [ < [Pyus Pv LR P LIR Py 1> ] =
[ <[Py Poo L [P Puo L IRs  Pru 1> |+ < [Kiju s Ko 1 [K s Ko 1 IK 0 K1
[<[Py:Pud [P Puo [Py Pw 1> | = [ <[P Piw LIPw Prw 1Py P 1>

So, Now, [<[Gy,..Gy,0 1[Gy Gy 1[Gy Gy 1> | €
[ <[Py Piw L [Py Puo 1P P 1> {14}

3. Conclusion

A technique for determining an IVNFM's g-inverse is explained. The g-inverse does not exist
for all IVNFMs. In this study, the conditions for the existence of the g-inverse are examined.
More investigation is required for the existence of g-inverse of all IVNFMs. In the next paper
we try to prove some related properties of g-inverse of IVNFM.
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