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Introduction

Let L
lattice of all

be a lattice and CS (L) be the set of all non empty convex sublattices of L. The

convex sublattices of "a lattice including empty set under set inclusion relation was

first studied thoroughly by K.M.Koh in 1972 [5].There he investigated the interdependence of

the lattices

L and ((CS(L) u{(p}),g),from the lattice theoretical point of view.

In 1996, S.Lavanya and S.Parameshwara Bhatta [7] introduced another partial ordering

on CS(L).

same equati

They have proved that both L and CS(L) with respect to that ordering are in the
onal class. As a further study P.V. Ramana murty in 2002[9], had investigated the

effect of that ordering on lattices which cannot be described by means of identities. Particularly
he had looked into semi modular lattices. He obtained that for a lattice L, CS(L)is semi

modular if both I (L)and D(L)are semi modular. And if L is of finite length, he proved that

the converse also holds.Recently R.Subbarayan [10] has proved that CS (L) is 0-semi modular
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then L is 0-semi modular. This has motivated us to look into lattices which satisfy other O-
conditios. In this paper, we consider the lattices which are (i) 0-modular (ii) O-distributive (iii)
0-super modular (iv) Super-0-distributive (v) Pseudo-0-distributive and(vi) Eulerian lattice and
(vii) lattices satisfying the General disjointness condition.

Among these the converse is also proved to be true for the properties O-distributivity and
0-semimodular. For other properties, we are able to prove only one way namely, CS(L)
satisfies the condition, then L also satisfies the condition. These results are analogous to
corollary 8, page number 53[9].
2.Preliminaries

In this section, we give some basic definitions needed for the development of the paper.

2.1 Convex sublattice

A sublattice K of a lattice L is called convex iff whenever a,be K, ceL and a<c<b
then ceK.

For example, if a,beL, a<b, the interval [a,b]={x/a<x<b} is an example of a

convex sublattices of L .The collection of all convex sublattices of a lattice L is denoted by
CS(L).

2.2 A new partial ordering on CS(L)

We define a binary relation < on CS(L) by the following rule: for A, BeCS(L), A<B if

and only if ““for every ae A there exists a be B such that a<b and for every be B there
existsan ae A suchthat b>a", clearly ‘< 'isa partial order on CS(L).Moreover <CS(L),£>

forms a lattice (see[7]).

A simple structure of a 0-modular lattice L which is not modular and its CS (L) are given in

the following figure.
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2.3 Ideal and Filter
A sublatticel of L isanideal iffiel and acL implythat aniel.
A sublattice F of L isaFilteriff f eF and aeL implythat av f eF.

2.4 Remark

Let I (L)denote the lattice of all ideals of L (ordered by <)
and D(L)denote the lattice of all Filters of L (ordered by o)

Since L can be embedded in I(L)and I(L)is a sublattice of CS(L),the mapping
f:L—CS(L) defined by f(a)=(a]forevery aeL isanembedding.

2.5 Notations

Let L be a lattice. For asubset A of L we denote (A],[A) and (A) respectively to represent

the ideal, the filter and the convex sublattice of L generated by A.

2.6 Supermodular lattice
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A lattice L is said to be supermodular if it satisfies the following identity

(avb)/\(avc)/\(avd)=av[b/\C/\(avd)]v[C/\d /\(avb)]v[b/\d /\(avC)] foralla,b,c,d e L.
2.7 0-Supermodular lattice

A Lattice L is called 0-Supermodular, if wheneverb,c,d e L satisfy
bac=cad=bad=0,then(avb)a(avc)a(avd)=a foreveryaelL.

2.8 0-modular lattice

A lattice L is said to be a 0-modular lattice if whenever x<yand yAz =0,
Then x=(xvz)ayforallx,y,zeL.

Example M, is 0-modular.

2.9 0-Semimodular lattice

A lattice L is said to be a 0-semimodular lattice if whenever a is an atom of L and x € L such
that aAx=0, then xva covers Xx.

2.10 O-distributive lattice

A lattice L with 0 is said to be O-distributive if for all x,y,z e L ,whenever x Ay =0and
xAz=0,then xA(yvz)=0.

2.11 Pseudo-0-distributive

A lattice L is said to be pseudo-O-distributive if for all a,b,ceL,anb=0 and aAnc=0
imply that (avb)ac=bac.

2.12 Super-0-distributive

A lattice L is said to be super-O-distributive if for all a,b,ce L, aAb=0 implies that
(avb)ac=(anc)v(bnac).

2.13 Graded poset

A Poset P is graded if all maximal chains in P have the same length.

2.14 Eulerian Poset

A finite graded poset P is said to be Eulerian if its mobius function assumes the value
u(x, y):(—l)'(x'y) forall x<yin P, where I(x,y)=r(y)—r(x) and r is the rank function

on P.
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3. On the preservability of O-conditions in CS(L)
In this section we prove the following theorems.

3.1 Theorem

If CS(L) is 0-Supermodular, then L is 0-Supermodular.

Proof

Let CS(L) is 0-Supermodular

Let b,c,d eL suchthat bac=cad=bad=0-——(1)

we have to prove that (avb)a(avc)a(avd)=a forevery acL.

From (1) In CS(L) we have (bac]={0},(cAd]={0},(bAd]={0}.

thatis, (b] A (c]={0},(c]A(d]={0},(b]A(d]={0}.

Nowa eCS (L)

Therefore, in CS (L), ((a]v (b])A((a]v(c])A((a] v (d]) = (a]as CS(L) is 0-supermodular.
which implies (avhb]a(avc]a(avd]=(a].

which implies that ((avb) A(avc)a(avd)]=(a].

Therefore , (avb)A(ave)a(avd)=a.

Hence, L is 0-Supermodular.

3.2 Theorem

CS (L) is O-semimodular, if and only if L is 0-semimodular.

Proof

The proof of the part “If CS (L) is 0-semimodular then L is also 0-semimodular” can be found
in[10].

Conversely,

Suppose that L is 0-semimodular

we claim that CS (L) is 0-semimodular
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Take an atom{0,a} in CS(L) where aisanatomin L.
let X be any element in CS(L) such that {0,a} A X ={0}
That is ({0} U{ax/xeX})={0}

which implies that a A X =0 for every xe X .

which implies that av x > x for every x € X (Since L is 0-semimodular)-----(1)

To prove that {0,a}v X > X in CS(L)

we have{0,a} v X =(X U{avx/xeX})———>(*)

suppose there exists a Y e CS(L)such that (X u{av x/xe X})>Y > X

Therefore, for every y eY there exists at e(X ufavx/xe X}) such that y <t———(2)
And forevery s e (X U{av x/xe X}) there exists a y, €Y such that s>y, —— —(3)

Also there exists a x, € X such that y, > x, —— — (4)

by (1),av x> x forevery xe X .

By (3), if sis of the form x e X , then x>y, > x, implies y, € X (Since X is convex)

teL/s vx <t<s, vX
Now{O,a}vX:{ LV % 27 }

wheres;,s, € {0,a} and x;, x, € X

tel/x <t<x,or
avXx st<awvx,or
Then {0,a}v X ={x <t<avx,or

avx <t<x,

wheres,,s, € {0,a} and x;, X, € X

Claim: {0,a}v X <Y
We prove that for every t€{0,a} v X ,there exists a y €Y such that t <y and

for every y, €Y ,there exists t,, e (X U{av x/xe X})such that t,, <y,
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Considera te{0,a}v X

(i)Now take the case when for some x,,x, € X , X, <t <x;—— —>(5)
t>y, istrueas Y <{0,a}v X —— —(6)

Now x, € X ,there exists a y, Y such that X, <y, —— —(7)
Equation (5) and (7) implies t <x, <,

Now consider an element y,, €Y ,there exists a x,, € X such that y,, > x, (sinceY > X)
As x,, can be considered as an element of {0,a}v X,

We have arrived at an element x,, of {0,a}v X ,below y,,

Therefore, {0,a}v X <Y

(ii) Take the case when av x, <t<av x, for some x;,x, € X

t >y, is clear for some y, €Y by (6)

Now x, € X and X <Y implies that there exists an element y, Y such that x, <vy,.
Therefore, t<avx,<avy,

Now av x, > X, since L is 0O-semimodular.

Therefore, t<x,<vy,.

Hence, {0,a} v X <Y in this case also.

(iif)Now consider the case when x; <t<av X,

As in the case (ii), we can argue that t < y,for some y, Y
Therefore, in this case also {0,a}v X <Y

(iv)Finally ,when av x, <t <X, for some x,,x, € X,

Then as in the first case, we get {0,a}v X <Y .

Hence, in all the cases we have {0,a}v X <Y .
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So, {0,a}vX =Y.
Therefore, {0,a}v X > X..

Hence, we conclude that CS (L) is 0-semimodular.

3.3 Theorem

If CS(L)is 0-modular, then L is 0-modular.

Proof

Suppose that CS (L) is 0-modular.

we have to prove that L is 0-modular.

that is to prove that for every x,y,ze L suchthat x<y and y Az =0,we have(Xv Z)Ay =X.

Let x,y,zeL and x<y andyAz=0.

sincex <y we have (X] < (Y]

and y Az =0 implies that (y A z]={0}

Therefore, (y]A(z]={0}.

If te(y]a(z],thent<yandt<z.

Which impliesthat t<yAz=0

As CS (L) is 0-modular, we have ((x]v (z])A(y]=(x].
Which implies that (x v z]A(y]=(x].

Which implies that ((xv z) Ay |=(x].

Hence ,(XVv Z)Ay=X.

Hence, L is 0-modular.

3.4 Theorem

If CS(L)is Eulerian, then L is Eulerian.

Proof
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Let CS(L) be Eulerian.
we have to prove that L is Eulerian.

1) forall x<y in L.

that is to prove that (X, y) = (-
Let x,yelL and x<y.

Therefore, (x]< (y]in CS(L).
Now x((x],(y])=(~1)""""* as CS(L) is Eulerian.
Since it is easily seen that r((y])=r(y) forall yeL.

And ,u((x],(y]):y(x, y) forall x,yelL as[{O}, L]; I(L).
Hence u(x,y)= (—1)“”"(” .

Therefore, L is Eulerian.

The converse is not true for |L|>1.

For example, The two element chain is Eulerian, but its lattice of convex sublattices is a 3
element chain which is not Eulerian.

3.5 Theorem

CS(L)is O-distributive if and only if L is O-distributive.
Proof

Suppose CS(L) is O-distributive.

we have to prove that L is O-distributive

Let x,y,ze L suchthat xAy=0 and xAz=0.
Toprove xA(yvz)=0.

Now(x A y]={0} and (xz]={0}.

which implies (x]A(y]={0}and (x]A(z]={0}.

Therefore, (x] A ((y]v(2]) = {0}.
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Thatis, (x]A(yvz]={0}.
Thatis, (xA(yvz)]={0}.
Hence, xA(yvz)=0.

Therefore, L is O-distributive.
Conversely,

Suppose that L is O-distributive.

then for every x,y,z e L, whenever xAy=0 and xAz=0, then X/\(yv z)=0.
We claim that CS (L) is O-distributive

Let X AY ={0},X AZ ={0} where X,Y,ZeCS(L).

To prove that X A(Y v Z)={0}.

We know that X A(Y vZ)={teL/xnAs <t<x,As,}wherex,Xx,e Xands,; s, Y vZ
Now s,,s, €Y vZ impliesthat y,, vz, <S <Y, VZy, Y, VZ,<S,<VY,, V7,
for some vy,,, Y., V10, Yo €Y and z,,,2,,,2,,,2,, €Z .

Hence, xAs, <t <X, As, implies XA (Y, v Zy,) St<X, A(Yy, Vv Zy,)

Therefore, 0 <t <0 (since L is O-distributive)

as X\ AY,; =0,xAZz,=0,X 1Y, =0,X,A2,,=0.

Which implies that t=0

Therefore, X A(Y v Z)={0}.

Hence, CS (L) is O-distributive.

3.6 Theorem

If CS(L)is super-O-distributive, then L is super -O-distributive

Proof

Suppose that CS (L) is super 0-distributive.
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we have to prove that L is super O-distributive.

Let x,y,ze L suchthat xAy=0.

To prove that (xv y)az=(xaz)v(ynaz) forevery x,y,zeL.

Take an element z € L therefore (z]e CS(L).

we have (x A y]={0} So, (x]A(y]={0}.

Therefore, ((X] V (y]) A (2] = ((X] A (z]) V ((Y] A (2]) as CS(L) is super O-distributive.
which implies that ((xv y)az|=(xaz]v(yaz]=((xAz)v(yAaz)].

which implies (xv y)Az=(xAz)v(yAz).

Hence, L is super O-distributive.

3.7 Theorem

If CS(L)is pseudo-O-distributive, then L is pseudo-0-distributive.
Proof

Suppose that CS (L) is pseudo-0-distributive .

we have to prove that L is pseudo-0-distributive.

Let x,y,zeL suchthat xAy=0and xAz=0.

Toprove (Xvy)Az=yAz.

Therefore, we have (x A y]={0}and (xAz]={0}.

Therefore, (x]A(y]={0}.(x]A(z]={0}.

Therefore, ((x]v(y])A(z]=(y]A(z] as CS(L)is pseudo-O-distributive
which implies that (xv y]A(z]=(y]A(z].

which implies that ((xv y)az|=(yAz].

which implies (Xv y)Az=yAz

Hence, L is pseudo O-distributive.
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3.8 Theorem

If CS(L) satisfies general disjointness condition ,then L also satisfies the general disjointness

condition.

Proof

Suppose that CS (L) satisfies general disjointness condition.

we have to prove that L satisfies general disjointness condition.

That is, to prove that xAy=0 and (xvy)Az=0 implies that xA(yvz)=0 for every

X, y,zelL.

Let X,y,ze L suchthat xAy=0 and (xvy)az=0.

which implies that (x A y]={0} and ((xv y)az]={0}.

Thatis, (x]A(y]={0} and ((x]v(y])~(z]={0}.

Therefore, (xA((y]v(z]))={0} as CS (L) satisfies general disjointness condition.
which implies (xA(yvz)]={0}.

which implies xA(yvz)=0.

Therefore, L satisfies the general disjointness condition.
Remark

Proving the converse of theorem 3.1,3.3,3.6,3.7,3.8 remains open.
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