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1. Introduction:

The initial notation and terminology used in this paper sourced from the references
[1,2]. The graphs examined in this paper are finite and simple. Let G be a connected graph of
order p and size g, between any two distinct vertices u and v in G the detour distance is the
maximum length of u — v paths, it is denoted by D, (u, v) or simply D(u,v), D(u,v) =1 if
and only if uv is a bridge of G, furthermore D(u,v) = d(u,v) if and only if G is a tree. From
clearly that D(u,v) = p — 1 if and only if G contains a Hamiltonian u — v path. The detour
index D(G) of G is defined as [3,4]:

D(G) = Z{u,v}QV(G) D(u, v).
The average detour distance of a graph G is defined by:

_2D(6)
up(G) = -1

Since the eccentricity of the vertex v is defined by
e(v) = max{d(v,u): ue V(G)}

where d(v, u) is the length of a shortest u — v path in G.

The diameter and the radius of a connected graph G are defined respectively as:
diam(G) = max {e(v):v € V(G)}

and

rad(G) = minfe(v):v € V(G)}, [1].

The detour eccentricity ep(v) of a vertex v in G is defined as the maximum of
{D(u,v):u € V(G)}. So the detour diameter of G denoted by &, (G), (or diamp(G)) and the
detour radius of G denoted by r;, (G), (or rad (G)) are given respectively by

6p(G) = max.{ep(v):v € V(G)},
and, 15(G) = minfe,(v):v € V(G)}.
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Obviously e(v) < ep(v) for every vertex v in G, since d(u, v) < D(u,v), foru and v
in G. Therefore, diam(G) < diam(G) and rad(G) < radp(G), (see [5,6]).

The vertex v is a detour peripheral vertex of G if e, (v) = §,(G) and the detour
peripheral of G is the set of all peripheral vertices of G which is denoted P, (G), while the
detour center vertex in G is v if ep (v) = 1 (G), for every v in G, also the detour central of
G is the set of all detour center vertices of G and it is denoted Cp(G). The minimum detour
distance is defined by:
mp(G) = min {D(u,v):{u, v} € V(G)}.

The distance polynomial [6] of a connected graph G based on detour distance is called
detour polynomial D(G; x). Let C, (G, k) be the number of unordered pairs u and v such that
D(u,v) = k, k = mp(G), then the detour polynomial of G is defined by:

D(G;x) = 3229 ¢ (G, k)x,

k=2mp(G)
also, the detour polynomial can be defined as:
D(G; x) = Yumeve) x° 7.
The detour polynomial of a vertex v in G is define as:

D(v,G;x) = Zig(mvl(a) Cp(v, G, k)x*,
where Cp (v, G, k) is the number of vertices u, (u # v) such that D(u,v) = k, k = mp(G).

It is clear that:
1
D(G;x) = EZUEV(G)D(U,G;x).
d
DO =060 s,

D(v,G;1) =p—11.

In the mathematical field of the graph theory, the graph G isa symmetric (or arc-
transitive) if, given any two pairs of adjacent vertices u,v; and u,v, of G, there is an
automorphism:

f:V(G) = V(G), such that: f(u,) = u, and f(vy) = vy, [7].

Since the year 2000, detour distance and detour index work have become very wide and
many researchers and graduate students have been interested in this type of distance because
of its increasing importance. Its importance enters into chemistry and the rest of the sciences
[8, 9, 10].

Some researchers studied the detour distance such as: Chartrand and others introduced the
concept of detour distance [3,4], but the concept of detour distance polynomial of a connected
graph G was introduced in 2011 in [5] and Mohammed also found polynomials of detour for
special graphs and operations defined on graphs in 2013, see [6], some work has been done on
detour indices. Several authors had obtained detour polynomials and detour indices for
structure chemical [10-12], and Ahmed M. A. recently worked about the connected detour
numbers of special graphs [13, 14].
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2. Detour Polynomials of Some Certain Graphs

2.1. Wagner Graph Gy):

Definition 2.1.1: Let C,, be a cycle of order 2p, p = 2 such that Cyp, : v, V5, ..., Vg , V1. A
Wagner graph denoted by G, is the graph obtained from C,,, by adding p edges v; v;,,, i =
1,2, ...,p, [15], as shown in Fig.1.

p is an odd p is an even

Fig.1. A Wagner graph G,

Some Properties of the Wagner Graph G,:
1. Order and size: The order of G, is 2p and the size of G, is 3p, p = 2.
2 Diameter and radius of detour distance: §,(Gp,) = 1p(G2p) = 2p — 1.
3 2p—1;if piseven
2p—2;if pisodd
4. Symmetric property: The graph G, is a symmetric graph.
5 Degree vertices: Since Wagner graph G,,, is 3 —regular graph, then each

vertices v; have degree three (degv; = 3), forall i = 1,2, ...,2p, p = 2.
6. Detour distance:
If p iseven, then D(v;,v;) = 2p — 1, forall i,j = 1,2,...,2p i # j.
If p is odd, then
D(vyi41,v9;) =2p—1,foralli =0,1,..,p—1land j=i+1,..,p.
D(Vai42,V2j41) = 2p — lforalli =0,1,..,p—2andj=i+1,..,p— 1.

Minimum detour distance : mD(Gzp) = {

D(v2i+1,vzj+1) = D(v2i+2,v2j+2) =2p—2, for al i=01..,p—2andj=i+
1,..,p—1.
7. Detour peripheral of G,: Pp(Gyp) = V(Gap).
8. Detour central of Gz, Cp(Gap) = V(G2p).

The detour polynomial of the Wagner graph G, is sought out in the next theorems:
Theorem 2.1.2: For p > 2 and p is even, then

D(Gzp; x) =p(2p — 1)x?P71,
Proof: Since for any pairs of two vertices v;, v; in G, forevenp and forall i,j = 1, ...,2p,i #
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j, have detour distance (2p — 1), then D(v;,v;) = 2p — 1,
and, ZZp 1 e l+1D(vl,v],Gzp,x) =p(2p — 1)x?P71L,
Since D(G,p; x) = Yot pa l+1D(vl,vj, Gap; X)
then, D(G,p;x) = p(2p — Dx?P~L. m
Theorem 2.1.3: For p = 2 and p is odd, then
D(Gyp; x) = p*x?P71 + (p? — p)x?P72,
Proof: Since any pairs of two vertices v;, v; in G, forall i,j = 1, ...,2p,i # j, and for odd p,
have detour distance 2p — 1 or 2p — 2.
If D(vi,vj) = 2p — 1, then
25:01 j=i+1 D(V21+1» VU3j» GZpr x) + Z Z] i+1 D(v21+2' V2j+1 GZp' x)
— p@+D) 2p-1 4 PO=Y) 2p-1

If D(vi, vj) = 2p — 2, then

Zis Z] 41 D (V2041 V2j41, Gopi X) + Z, Z} i1 D(Vaiv2s V2j42, Gopi X)
_ - 1)x2p 2 _I_P(P 1)x2p—2.
2

Since D(Gyp; x) = 22” '3, 1 D(v,v), Gop; x), then
D(Gap;x) = i=i01 D (Va1 V2, Gopi X)
2 2] l+1D(172i+2,772j+1,G2pr)

2 2] l+1D(1721+1,772]+1,G2p»x)

2 2] l+1D(U21+2:V21+2:GZprx)
— p(p+1) x20-1 4 p(pz 1) x2P-1 4 p(pz 1) X202 4 p(p-1) x2P=2
— p2x2p—1 + (pz _ p)x2p—2_ -
Corollary 2.1.4: For p > 2, then
p(2p — 1)?, forevenp,
D(GZP):{ 2(2p — 1) + 2p(p — 1)?, for odd
p*(2p — 1) + 2p(p — 1)*, for odd p.
2p—1 , forevenp,

#D(GZp) = { 2(p-1)*
Pt o

Proof: We get D(G,,) by derivative D(G,,; x) with respect to x and thenx = 1. m
2.2. Friendship Graph Fr:

Definition 2.2.1:[16] A Friendship Graph Fr, is the graph obtained by taking m (m =

, for odd p.

pT_l) copies of the cycle graph C, with a vertex in common, the Friendship graph Fr,, is also

called the Flower graph F;*, and has the vertex set {vy, Uy, ..., Vo, Ug, Ug, oovy Uy, €1 We Will
rename friendship graph vertices as shown in Fig. 2.
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u3

Fig. 2. Friendship Graph Fr,,
Some Properties of the Friendship Graph Fr, :
1. The order and size: p(Fr,) = 3m + 1and q(Fr,) = 4m,m = 2.
Diameter and radius property: The graph Fr, has 6,(Fr,) = 2r,(Fr,) = 6.
Minimum detour distance : m,(Fr,) = 2.
Symmetric property: The graph Fr,, is not symmetric.

o~ wn

Degree vertices: All vertices of Fr,, have degree two (deg(v;) = deg (uj) =

2,fori=1,..2mandj = 1,..,m) except the vertex c has degree 2m.
6. The Detour distance:

D(c,v;) =3fori=1,..2m and D(c,uj) =2forj=1,..,m.
D(Vai41,Vaigz) =2 fori=0,..,m—1 and  D(vai41,vj) = D(Vai42,vj) = 6 for i =
0,....m—2andj=2i+3,..2m.
D(ui,uj) =4 fori=1,...,m—1landj=1,.. m
D(ui,vj) =3fori=1,.,mandj = 2i—1,2i and D(ui, vj) =5fori=
1,..,mandj=1,..,2m.
7. Detour peripheral of Fr,: Py, (Frp) = {vy, Vs, e, Vo) -
8. Detour central of Fr,,: Cp(Fr,) = {c}.

The detour polynomial of the Friendship graph Fr, is sought out in the next theorem:
Theorem 2.2.2: Form > 2, m = pT_l,then

m(m-1)

D(Fry; x) = 2mx? + 4mx® + ——x" +2m(m — Dx® + 2m(m — 1)x°.

Proof: Let U be the subset of vertices of V(Fry,) such that (U = {uy, up, ..., up}) and V =
V(Fry) — U — {c} = {v1, vy, ..., Vayn}, M= 2, then there are four cases to find D (Fry; x):
Casel: If u;,u; € U, then D(u;, u;) = 4, foralli =12,..,m—1landj=i+1,..,m,
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m(m-1)
hence, X127 XL 11 D (g uj, Fry; x) = ———x*,
Case2: If v,v; €V, forall i=1,..2m—1andj=i+1,..2m , then there are two

subcase:
Subcase I: If v; and v; are in the same cycle, then D (vy;1.4, V2;42) = 2, foralli = 0,1, ..., m —
1.
Subcase 11: If v; and v; are not in the same cycle, then D(vy41,v;) = D(v2i42,v;) = 6, for
ali=0,1,...m—2andj=2i+3,..2m
Hence,
ymoiym l+1D(vl,v],Frp,x) Y D(Vait1, Vaiva Frp; )
+ Y X a{D (Vaia1, V), Frip; x) + D (0542, V), Frip; )}
= mx? + 2m(m — 1)x®.
Case3: If u; e U and v; €V, forall i =1,2,...,m and j = 1,2,...,2m, then there are two
subcases:
Subcase I: D(u;, v;) = 3 If w;is adjacent to v, forall i = 1,...,mand j = 2i — 1,2i, then
m fl i 1D(ul,v],Frp,x) = 2mx3
Subcase I1: D(ui,vj) = 5 Ifu; notadjacentto v;, foralli = 1,..,mand j = 1,...,2m, then
1 2% D(uy, vy, Fry; x) = 2m(m — 1)x°.
Hence,
U Yol l+1D(ul,vj,Frp,x) ym fizi_lD(ui,vj,Frp; x)
+Zi=1 7 D (uy, vy, Fry; x)
= 2mx3 + 2m(m — 1)x°.
Case 4: If u; €U and v; €V, forall i = 1,2,...,m and j = 1,2, ...,2m, then there are two
subcases:
Subcase I: D(c,u;) = 2, and ¥1%, D(c, u;, Fry; x) = mx?
Subcase I1: D(c v;) = 3,and X327 D(c, vj, Fry; x) = 2mx®
Hence, D(c ul,Frp,x) + Z D(c v],Frp,x) mx? + 2mx3
Since D(F jx) = X Y01 D (wi up, Fry; x) + X7 250, D(vy, vy, Fry; x)
+XYn, -mlD(ul-,vj, Fry; x) + Zl-:lD(c, u;, Fry; x)
+Z D(c v;, Fry; ),
then, D(Fry;x) = @x‘” mx? + 2m(m — Dx®+2mx3+2m(m — 1)x°
+mx? + 2mx3
= 2mx2+4mx3+@ x*+2m(m — Dx5+2m(m — 1)x°.m
Corollary 2.2.3: For m> 2, then
1. D(Fr,) =24m? —8m.

__16m(3m-1)
2. MD(Frp) = m
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2.3 Double Cycles Graph:

Definition 2.3.1: A Double Cycles Graph DC,, p= 3, is a graph construct from two cycles
Ch, i = 1,2 such that V(C}) = {vy, vy, Ve, ... , Vap} and V(CZ) = {v4, V3, Vs, ... , Vap—1}, With
2p additional edges {v;v; 1, v;v;_1:1 = 3,4, ...,2p — 1} U {v,v,,,, v, v, }, as depicted in Fig.3.

Vo Vi
v
3
vy,
Vap-2 Vay 2
Vapa
I\
\ Vt'
i+4 vi+2
Vi Vi

Fig.3. Agraph DCy,.
Some Properties of the graph DC,,,:
1. The order and size property:p(DCz,) = q(DC5,) = 2p, p = 3
2. Diameter and radius property: The graph DC,,, has
8p(DCyp) = 1p(DC3p) = 2p — 1.
Minimum detour distance property: mD( Dczp) =2p—1.
Symmetric graph property: The graph DC,, is a symmetric graph.
The vertices degree: Each vertex in the graph DC,, has degree 4.
The detour distance property:D(vi, vj) =2p—1foralli,j =12, ..,p,i#j.
Detour peripheral property:P,( DCz,) = V(DCyp) .
Detour central property: Cp (Dczp) =V(DCyp).
The detour polynomials of graph DC,, are sought out in the next theorem:

© N o 0ok~ w

Theorem 2.3.2: The detour polynomial of €, , p = 3, is:

D(DCyp;x) = p(2p — D)x?P71,
Proof: For p= 3, since the graph DC5,, is 4 —regular and the detour distance between any two
vertices v;, v; € V(DCyp) is 2p — 1, forall i,j = 1,2, ..., p, i # j, this means that D(v;, v;) =
2p—1.
Since, (DCp; x) = Zizfl_l ?ZHlD(vi,vj,DCzp; x),

then, D(DCyp;x) = L2271 X2, 2?71 = p(2p — 1)x?P71,

i=1 j=i+1
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Hence, the proof is completed. [
Corollary 2.3.3: For all p > 3, we have:

1. D(DC,,) = p(2p — 1%
2. up(DCzp) = 2p—1. »

Double Paths Graph:
Definition 2.4.1: A Double Paths Graph DP,,, p = 3, is a graph construct from two paths

Ppi, 1= 1,2 SUCh that V(PZ'}) = {172, U4, U6, ,Uzp} a.nd V(sz) == {Ul, U3, 7.75, ,Uzp_l}, Wlth
2p — 2 additional edges {v;v;,1:i = 1,2, ...,.2p — 1}, as depicted in Fig. 4.

Vop-5  V2p-3  Vap-1

A VA

Fig. 4. A double paths graph DP,,
Some Properties of the Double Paths Graph DP;,, :
The order and size: p(DP;,) = 2p and q(DP,,) = 4p — 3, p= 2.

Diameter and radius property: The graph DP,,, has 6, (DP;,) = 75(DP3,) =  2p —

Symmetric property: The graph DP,,, is not symmetric.
Degree vertices:
deg(v;) = 2,i = 1,2p.
deg(v;) =3,i=2,2p — 1.
deg(v;) = 4,foralli =3,..,2p — 2.
6. The Detour distance:
D(v;,viy1) =2p—ifori=1,..,p and D(v;,v;;,) =ifori=p+1,...2p—1
D(vi,vj) =2p—1fori=1,.2p—2andj=i+2,..2p.
7. Detour peripheral of DP;,: P,(DP3,) = V(DP5,) .
8. Detour central of DP3,: Cp(DP,) = V(DP3p).
The detour polynomial of the Double Paths graph DP,, is sought out in the next
theorem:
Theorem 2.4.2: The detour polynomial of DP,,, , p= 3, is:
D(DPyp;x) = xP + (2p — 1)(2p — 2)x?P~ 1+ 2 37 a2t
Proof: From Fig.4 we show that D(v;, v;y1) = 2p —i,fori=12,..,p and D(v;,viy1) =
i,fori=p+1,,..,2p—1,then
YT D (Vi Vigq, DPop; x) = 2 X0 2?27 4 &P,
and D(vi, vj) =2p—1,fori=12,..2p—2and j=i+2,..,2p, then

1
2
1.
3. Minimum detour distance : m,(DP;,) = p.
4
S.
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21'2101_2 D(v;, Vl+1»DP2p. x)= Zzp - 12p1+2 x2P71=(2p — 1D (2p — 2)x?P~ L.

j= l+2
Since, (DPyy;x) = X2 272, D(vy, 1), DPyy; )

hence, D(DPyy; x) = X207 D(vi, vie1, DP2p; X) + 21 2 27,1,
=2yP! x2p L+ xP+ 2p—1)(2p — 2)x?P71, =

Corollary 2.3.3: For all p > 3, we have:

D(DP,,) = 8p* — 13p* + 8p — 2.

8p3-13p%+8p-2

uo(DPp) = — oy ™

D(v;, Viy1, DP2p; X)

Conclusion:

From this paper, we concluded the notion of detour distance between any two vertices
in a connected graph. We also studied the properties of this distance. In particular, we focused
on some certain graphs to calculate the detour polynomial and detour index, and mentioned to
some properties of this graphs based to the detour distance.
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