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Abstract: In this study, we have put forward a class of estimators for 

estimating population mean for the cross-sectional and time scaled surveys. 

It is revealed in the study conducted by [5] that the use of Exponentially 

weighted moving average (EWMA) statistic improves the performance of 

the estimators for the time scaled surveys as it makes the use of past as well 

as the present information. [5] proposed ratio estimators using EWMA 

statistic, so we have made improvements by introducing a class of modified 

difference-ratio and product estimators with the use of tri-mean, mid-range, 

Gini’s mean difference, Downtown’s method and probability weighted 

moments of auxiliary variable. Our estimators showed better results. 

Results are verified with the simulation. 
Keywords: -auxiliary variable; study variable; simulation; simple random 

sampling. 

 

Introduction 

In Survey sampling, the statisticians are ardent to put forward the proficient estimators for 

estimating population characteristics. Auxiliary information always augments the efficiency of 

the estimators when sagely selected.  For example, to estimate average lifetime of tube lights 

produced by a plant, money spent on each tube light by the plant to maintain its quality can be 

considered as the auxiliary variable.  [2] propounded the use of ratio estimators for the 

estimation of population mean when study and auxiliary variable are linear and positively 

correlated.   

𝑡𝑟 =
�̅�

�̅�
�̅�             (1) 

where �̅� is the sample mean of study variable and �̅� is the sample mean of auxiliary variable. 

�̅� is the known population mean of auxiliary variable. 

When the study variable and auxiliary variable are linear and negatively correlated, [4] 

suggested the use of product estimator for the estimation of population mean. 

𝑡𝑝 =
�̅�

�̅�
�̅�                      (2) 

The approximate mean square error (MSE) expression for estimator in equation (1) and (2) is 

as: 

𝑀𝑆𝐸(𝑡𝑟) ≅ 𝑓(𝑐𝑦
2 + 𝑐𝑥

2 − 2𝜌𝑐𝑦𝑐𝑥)                             (3) 

𝑀𝑆𝐸(𝑡𝑝) ≅ 𝑓(𝑐𝑦
2 + 𝑐𝑥

2 + 2𝜌𝑐𝑦𝑐𝑥)                                                (4) 

where  𝑓 =
1

𝑛
−

1

𝑁
  (sampling fraction) 

𝑐𝑦  and 𝑐𝑥 is the coefficient of variation of study variable and auxiliary variable respectively. 

𝜌 is the correlation coefficient between study and auxiliary variable.  

Many authors utilized the available auxiliary information for the estimation of population 

parameters. [8] and [6] made use of coefficient of variation of auxiliary variable for estimating 
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population parameter. Similarly, [11] utilized coefficient of kurtosis of auxiliary variable. [10] 

proposed ratio-cum-product estimator of population mean using coefficient of variation and 

coefficient of kurtosis of auxiliary variable. [9] proposed ratio type estimators using quartiles. 

[3] used Tri-mean, median and quartile deviation of auxiliary variable for estimation purpose. 

[1] and [3] used conventional and non-conventional measures of auxiliary variable for 

estimation of population parameter.  

Authors have made the improvements by introducing a large number of modified ratio 

estimators with the use of coefficient of variation, coefficient of kurtosis, skewness, deciles, 

population tri-mean, mid-range, Hodges-Lehmann estimator, population correlation coefficient 

etc. All these studies are conducted for cross-sectional surveys. 

In the section-I, our study is for cross-sectional surveys. Our proposed class of estimators 

performs better than the existing ones. 

Memory type estimators for time scaled surveys were first time propounded by [5] for 

estimating population mean using EWMA. To augment the effectiveness of the estimators, [7] 

was the first to introduce the use of EWMA statistic, which uses former as well as the 

contemporary information. The EWMA statistic is as: 

𝑍𝑖 = 𝜆𝑦�̅� + (1 − 𝜆)𝑍𝑖−1               ; where 0 > 𝜆 > 1 and 𝑖 > 0                                                             (5)                                           

𝑦�̅� is the mean of sample at time i 

𝑍𝑖−1 is the past observation of the statistic 

𝜆 is the smoothing constant 

When 𝜆 = 1, means that statistic 𝑍𝑖 = 𝑦�̅� (𝑢𝑠𝑢𝑎𝑙 𝑠𝑎𝑚𝑝𝑙𝑒 𝑚𝑒𝑎𝑛) 

and 𝜆 = 0, means past information gains all weight and as 𝜆 moves from 0 to 1 contemporary 

information gains more weight than the past information.  

𝐸(𝑍𝑖) = �̅� and 𝑣𝑎𝑟(𝑍𝑖) =
𝑆𝑦

2

𝑛
[

𝜆

2−𝜆
(1 − (1 − 𝜆)2𝑖)] 

Limiting variance of 𝑣𝑎𝑟(𝑍𝑖) =
𝑆𝑦

2

𝑛
[

𝜆

2−𝜆
] 

In the section-II, our study is for time scaled surveys which are conducted on regular basis. 

For example, if we want to estimate unemployment rate of a particular area/region. Then we 

can take our study variable, Y= Number of unemployed and X= Labour force size as the 

auxiliary information. Since our study is conducted for time scaled surveys, which makes use 

of the past information along with the current information. In this we will consider number of 

unemployed and labour force for different surveys that are conducted on a regular basis and 

also with a specific time interval. Such as “Survey on household consumer expenditure and 

employment and unemployment” by NSSO, Survey on Annual Survey of Industries, Rural 

labour enquiry etc. 

Sometimes observation get much affected by the extreme observations and give deceptive 

results. We have proposed a class of modified class of estimators using estimators of auxiliary 

information for the cross-sectional and time scaled surveys. Following estimators of auxiliary 

information have been used for proposing the class of estimators: 

1. Tri-mean of Auxiliary variable X: 

                  𝑇𝑚 =
1

2
(𝑄2 +

𝑄1+𝑄3

2
) 

Where 𝑄𝑖 (i=1,2 and 3) is the 𝑖𝑡ℎ quartile. 
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2. Mid-Range of auxiliary variable: 

            𝑀𝑟 =
𝑋(1)+𝑋(𝑁)

2
 

Where 𝑋(𝑖) is the 𝑖𝑡ℎ observation of auxiliary variable X. 

3. Gini’s mean difference of the auxiliary variable X: 

𝐺𝑚𝑑 =
4

𝑁 − 1
∑ (

2𝑖 − 𝑁 − 1

2𝑁
) 𝑋(𝑖)

𝑁

𝑖=1

 

4. Downtown’s method of the auxiliary variable 

𝐷𝑚 =
2√𝛱

𝑁(𝑁 − 1)
∑ (𝑖 −

𝑁 + 1

2
) 𝑋(𝑖)

𝑁

𝑖=1

 

5. Probability weighted moments of the auxiliary variable 

𝑆𝑝𝑤 =
√𝛱

𝑁2
∑(2𝑖 − 𝑁 − 1)𝑋(𝑖)

𝑁

𝑖=1

 

Proposed Estimator 

Ratio estimator is apt to use when relationship between x and y is linear through the 

origin. Otherwise, regression estimators give better results. In this article we combined 

regression and ratio estimator to get the proficient class of estimators.  

Section-I 

We proposed difference cum ratio and difference cum product class of estimators using 

auxiliary information for the conventional surveys.  

𝑡𝑟𝑟 = [𝜃1 �̅� + 𝜃2 ( �̅�  −  �̅�)] [
𝛼�̅�+𝛽𝐶

𝛼�̅�+𝛽𝐶
]                                                                                                                 (6) 

𝑡𝑟𝑝 = [𝜃1 �̅� + 𝜃2 ( �̅�  −  �̅�)] [
𝛼�̅�+𝛽𝐶

𝛼�̅�+𝛽𝐶
]                                                                                                                   (7)                                                                  

where 𝜃1 and 𝜃2 are the suitably chosen constants to minimize MSE of the estimator. 

𝛼�̅� + 𝛽𝐶 > 0 and 𝛼�̅� + 𝛽𝐶 > 0  

 𝛼 and 𝛽 are constants or functions of parameters of auxiliary variable which are known. 

For different values of (𝜃1,𝜃2,𝛼,𝛽, 𝐶), various other members of proposed class of 

estimators are generated. 

Table 1. Members of the proposed class of estimators 

𝜃1 𝜃2 𝛼 𝛽 𝐶 Estimators 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝑇𝑚 𝑡𝑟𝑟1 = [𝜃1 �̅� + 𝜃2 ( �̅�  −  �̅�)] [
𝛼�̅�+𝛽𝑇𝑚

𝛼�̅�+𝛽𝑇𝑚
]                                                                                    

 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝑀𝑟 𝑡𝑟𝑟2 = [𝜃1 �̅� + 𝜃2 ( �̅�  −  �̅�)] [
𝛼�̅�+𝛽𝑀𝑟

𝛼�̅�+𝛽𝑀𝑟
]                                                                                    

 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝐺𝑚𝑑 𝑡𝑟𝑟3 = [𝜃1 �̅� + 𝜃2 ( �̅�  −  �̅�)] [
𝛼�̅�+𝛽𝐺𝑚𝑑

𝛼�̅�+𝛽𝐺𝑚𝑑
]                                                                                    

 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝐷𝑚 𝑡𝑟𝑟4 = [𝜃1 �̅� + 𝜃2 ( �̅�  −  �̅�)] [
𝛼�̅�+𝛽𝐷𝑚

𝛼�̅�+𝛽𝐷𝑚
]                                                                                    



Mathematical Statistician and Engineering Applications 

ISSN:2094-0343 

2326-9865 

 
34 

 
Vol. 72 No. 2 (2023) 

http://philstat.org.ph 

 

 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝑆𝑝𝑤 𝑡𝑟𝑟5 = [𝜃1 �̅� + 𝜃2 ( �̅�  −  �̅�)] [
𝛼�̅�+𝛽𝑆𝑝𝑤

𝛼�̅�+𝛽𝑆𝑝𝑤
]                                                                                    

 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝑇𝑚 𝑡𝑟𝑝1 = [𝜃1 �̅� + 𝜃2 ( �̅�  − �̅�)] [
𝛼�̅�+𝛽𝑇𝑚

𝛼�̅�+𝛽𝑇𝑚
]                                                                                    

 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝑀𝑟 𝑡𝑟𝑝2 = [𝜃1 �̅� + 𝜃2 ( �̅�  − �̅�)] [
𝛼�̅�+𝛽𝑀𝑟

𝛼�̅�+𝛽𝑀𝑟
]                                                                                    

 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝐺𝑚𝑑 𝑡𝑟𝑝3 = [𝜃1 �̅� + 𝜃2 ( �̅�  − �̅�)] [
𝛼�̅�+𝛽𝐺𝑚𝑑

𝛼�̅�+𝛽𝐺𝑚𝑑
]                                                                                    

 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝐷𝑚 𝑡𝑟𝑝4 = [𝜃1 �̅� + 𝜃2 ( �̅�  − �̅�)] [
𝛼�̅�+𝛽𝐷𝑚

𝛼�̅�+𝛽𝐷𝑚
]                                                                                    

 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝑆𝑝𝑤 𝑡𝑟𝑝5 = [𝜃1 �̅� + 𝜃2 ( �̅�  − �̅�)] [
𝛼�̅�+𝛽𝑆𝑝𝑤

𝛼�̅�+𝛽𝑆𝑝𝑤
]                                                                                    

 

 

To derive MSE expression of the estimator 𝑡𝑟𝑟 , we performed the Taylor series expansion 

using the following terms: 

𝑒0 =
�̅�−�̅�

�̅�
  and 𝑒1 =

�̅�−�̅�

�̅�
 

𝐸[𝑒0] = 𝐸[𝑒1] = 0 ;  

𝐸(𝑒0
2) = 𝑓 

𝑣𝑎𝑟(𝑦𝑖)

�̅�2 = 𝑓 𝑐𝑦
2;  

𝐸(𝑒1
2) = 𝑓 

𝑣𝑎𝑟(𝑥𝑖)

�̅�2 = 𝑓 𝑐𝑥
2;  

𝐸(𝑒0𝑒1) = 𝑓 
𝐶𝑜𝑣(𝑦𝑖, 𝑥𝑖)

�̅��̅�
= 𝑓 𝜌 𝑐𝑦𝑐𝑥 

Using the above terms, Equation (6) can be written as: 

𝑡𝑟𝑟 = [𝜃1�̅�(1 + 𝑒0) − 𝜃2�̅�𝑒1] [
𝛼�̅�+𝛽𝐶

𝛼�̅�(1+𝑒1)+𝛽𝐶
]                                                                      (8) 

Equation (8) can further be written as: 

𝑡𝑟𝑟 = �̅�[𝜃1(1 + 𝑒0) − 𝜃2 𝛾∗𝑒1](1 + 𝛾 𝑒1)−1                                                                               (9)           

Where   𝛾 = 
𝛼 �̅�

𝛼 �̅�+𝛽𝐶
   and   𝛾∗ =

�̅�

�̅�
 

Subtracting  𝜇𝑦 from both the sides of equation (9) and then squaring: 

(𝑡𝑟𝑟 − �̅�)2 = [�̅�{𝜃1(1 + 𝑒0 − 𝛾 𝑒1 − 𝛾𝑒0𝑒1 + 𝛾2𝑒1
2) + 𝜃2 𝛾∗(𝛾𝑒1

2 − 𝑒1)} − �̅�]2       (10) 

Now taking expectation on both the sides of equation (10), we get MSE expression as: 

𝑀𝑆𝐸(𝑡𝑟𝑟) = �̅�2  𝐸[1 + 𝜃1
2 (1 + 𝑒0

2 + 3 𝛾2 𝑒1
2 − 4 𝛾 𝑒0 𝑒1) + 𝜃2

2 𝛾∗2 𝑒1
2 + 2𝜃1𝜃2𝛾∗(2𝛾𝑒1

2 −

𝑒0𝑒1) − 2𝜃1(1 − 𝛾𝑒0 𝑒1 + 𝛾2𝑒1
2) − 2𝜃2𝛾 𝛾∗𝑒1

2]                                                              (11) 

Equation (11) can further be written as:                                                       

𝑀𝑆𝐸(𝑡𝑟𝑟) ≅  [1 + 𝜃1𝑟
2  𝐴1𝑟 + 𝜃2𝑟

2  𝐵1𝑟 + 2𝜃1𝑟𝜃2𝑟𝐶1𝑟 − 2𝜃1𝑟𝐷1𝑟 − 2𝜃2𝑟𝐸1𝑟]                 (12) 

where 

𝐴1𝑟 = 1 + 𝑓(𝑐𝑦
2 + 3 𝛾2 𝑐𝑥

2 − 4 𝛾 𝜌 𝑐𝑦 𝑐𝑥) 



Mathematical Statistician and Engineering Applications 

ISSN:2094-0343 

2326-9865 

 
35 

 
Vol. 72 No. 2 (2023) 

http://philstat.org.ph 

 

𝐵1𝑟 = 𝑓 𝛾∗2 𝑐𝑦
2 

𝐶1𝑟 = 𝑓𝛾∗(2𝛾𝑐𝑥
2 − 𝜌 𝑐𝑦 𝑐𝑥) 

𝐷1𝑟 = 1 − 𝑓(𝛾𝜌 𝑐𝑦 𝑐𝑥 − 𝛾2𝑐𝑥
2) 

𝐸1𝑟 = 𝑓𝛾 𝛾∗𝑐𝑥
2  

To get the Minimum MSE of the estimator 𝑡𝑟𝑟 , we differentiated equation (12) with respect 

to 𝜃1𝑟 and 𝜃2𝑟 and we get MSE of the estimator 𝑡𝑟𝑟 minimum for the following values: 

𝜃1𝑟 =
𝐵1𝑟𝐷1𝑟 − 𝐶1𝑟𝐸1𝑟

𝐴1𝑟𝐵1𝑟 − 𝐶1𝑟
2 = 𝜃1𝑟

∗ (𝑠𝑎𝑦) 

𝜃2𝑟 =
𝐴1𝑟𝐸1𝑟 − 𝐶1𝑟𝐷1𝑟

𝐴1𝑟𝐵1𝑟 − 𝐶1𝑟
2 = 𝜃2𝑟

∗ (𝑠𝑎𝑦) 

Therefore,  

𝑀𝑖𝑛. 𝑀𝑆𝐸(𝑡𝑟𝑟) ≅  [1 + 𝜃1𝑟
∗2 𝐴1𝑟 + 𝜃2𝑟

∗2 𝐵1𝑟 + 2𝜃1𝑟
∗ 𝜃2𝑟

∗ 𝐶1𝑟 − 2𝜃1𝑟
∗ 𝐷1𝑟 − 2𝜃2𝑟

∗ 𝐸1𝑟]    (13) 

Similarly, MSE expression for the estimator 𝑡𝑟𝑝 is derived as: 

𝑀𝑆𝐸(𝑡𝑟𝑝) = �̅�2  𝐸[1 + 𝜃1𝑝
2  (1 + 𝑒0

2 +  𝛾2 𝑒1
2 + 4 𝛾 𝑒0 𝑒1) + 𝜃2𝑝

2  𝛾∗2 𝑒1
2 −

                          2𝜃1𝑝𝜃2𝑝𝛾∗(2𝛾𝑒1
2 + 𝑒0𝑒1) − 2𝜃1𝑝(1 + 𝛾2𝑒1

2) + 2𝜃2𝑝𝛾 𝛾∗𝑒1
2]                            (14)                                                  

Equation (14) can further be written as:                                                       

𝑀𝑆𝐸(𝑡𝑟𝑝) ≈  [1 + 𝜃1𝑝
2  𝐴1𝑝 + 𝜃2𝑝

2  𝐵1𝑝 + 2𝜃1𝑝𝜃2𝑝𝐶1𝑝 − 2𝜃1𝑝𝐷1𝑝 − 2𝜃2𝑝𝐸1𝑝]              (15) 

where 

𝐴1𝑝 = 1 + 𝑓(𝑐𝑦
2 +  𝛾2 𝑐𝑥

2 + 4 𝛾 𝜌 𝑐𝑦 𝑐𝑥) 

𝐵1𝑝 = 𝑓 𝛾∗2 𝑐𝑦
2 

𝐶1𝑝 = −𝑓𝛾∗(2𝛾𝑐𝑥
2 + 𝜌 𝑐𝑦 𝑐𝑥) 

𝐷1𝑝 = 1 + 𝑓𝛾𝜌 𝑐𝑦 𝑐𝑥 

𝐸1𝑝 = −𝑓𝛾 𝛾∗𝑐𝑥
2 

To get the Minimum MSE of the estimator 𝑡𝑟𝑝 , we differentiated equation (15) with 

respect to 𝜃1𝑝 and 𝜃2𝑝 and we get MSE of the estimator 𝑡𝑟𝑝 minimum for the following values: 

𝜃1𝑝 =
𝐵1𝑝𝐷1𝑝 − 𝐶1𝑝𝐸1𝑝

𝐴1𝑝𝐵1𝑝 − 𝐶1𝑝
2 = 𝜃1𝑝

∗ (𝑠𝑎𝑦) 

𝜃2𝑝 =
𝐴1𝑝𝐸1𝑝 − 𝐶1𝑝𝐷1𝑝

𝐴1𝑝𝐵1𝑝 − 𝐶1𝑝
2 = 𝜃2𝑝

∗ (𝑠𝑎𝑦) 

Therefore,  

𝑀𝑖𝑛. 𝑀𝑆𝐸(𝑡𝑟𝑝) ≅  [1 + 𝜃1𝑝
∗2 𝐴1𝑝 + 𝜃2𝑝

∗2  𝐵1𝑝 + 2𝜃1𝑝
∗ 𝜃2𝑝

∗ 𝐶1𝑝 − 2𝜃1𝑝
∗ 𝐷1𝑝 − 2𝜃2𝑝

∗ 𝐸1𝑝]     (16) 

Section-II 

In this section, we utilized EWMA statistic to propose difference-ratio and product estimator 

using auxiliary information for the time scaled surveys. So, the EWMA statistic for study 

variable y is as: 

𝑍𝑖 = 𝜆 �̅� + (1 − 𝜆) 𝑍𝑖−1                                                                                                                              (17) 

Similarly, the EWMA statistic for auxiliary variable x is  

𝑄𝑖 = 𝜆 �̅� + (1 − 𝜆) 𝑄𝑖−1                                                                    (18) 

By using statistic 𝑍𝑖  and 𝑄𝑖 , proposed class of estimator 𝑡𝑟𝑟 is framed as follows: 

𝑡𝑚𝑟𝑟 = [𝜃1 𝑍𝑖 + 𝜃2 ( 𝑄𝑖 − 𝜇𝑥)] [
𝛼𝜇𝑥+𝛽𝐶

𝛼𝑄𝑖+𝛽𝐶
]                                                                 (19) 
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𝑡𝑚𝑟𝑝 = [𝜃1 𝑍𝑖 + 𝜃2 ( 𝑄𝑖 − 𝜇𝑥)] [
𝛼𝑄𝑖+𝛽𝐶

𝛼𝜇𝑥+𝛽𝐶
]                                                                        (20) 

where 𝜃1 and 𝜃2 are the suitably chosen constants to minimize MSE of the estimator. 

𝛼𝜇𝑥 + 𝛽𝐶 > 0 and 𝛼𝑄𝑖 + 𝛽𝐶 > 0  

 𝛼 and 𝛽 are constants or functions of parameters of auxiliary variable which are known. 

For different values of (𝜃1,𝜃2,𝛼,𝛽, 𝐶), various other members of proposed class of 

estimators are generated. 

 

Table 2. Members of the proposed class of estimators 

𝜃1 𝜃2 𝛼 𝛽 𝐶 Estimators 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝑇𝑚 
𝑡𝑚𝑟1 = [𝜃1 𝑍𝑖 + 𝜃2 ( 𝑄𝑖 − 𝜇𝑥)] [

𝛼𝜇𝑥 + 𝛽𝑇𝑚

𝛼𝑄𝑖 + 𝛽𝐺𝑚𝑑
] 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝑀𝑟 
𝑡𝑚𝑟2 = [𝜃1 𝑍𝑖 + 𝜃2 ( 𝑄𝑖 − 𝜇𝑥)] [

𝛼𝜇𝑥 + 𝛽𝑀𝑟

𝛼𝑄𝑖 + 𝛽𝑀𝑟
] 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝐺𝑚𝑑 
𝑡𝑚𝑟3 = [𝜃1 𝑍𝑖 + 𝜃2 ( 𝑄𝑖 − 𝜇𝑥)] [

𝛼𝜇𝑥 + 𝛽𝐺𝑚𝑑

𝛼𝑄𝑖 + 𝛽𝐺𝑚𝑑
] 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝐷𝑚 
𝑡𝑚𝑟4 = [𝜃1 𝑍𝑖 + 𝜃2 ( 𝑄𝑖 − 𝜇𝑥)] [

𝛼𝜇𝑥 + 𝛽𝐷𝑚

𝛼𝑄𝑖 + 𝛽𝐷𝑚
] 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝑆𝑝𝑤 
𝑡𝑚𝑟5 = [𝜃1 𝑍𝑖 + 𝜃2 ( 𝑄𝑖 − 𝜇𝑥)] [

𝛼𝜇𝑥 + 𝛽𝑆𝑝𝑤

𝛼𝑄𝑖 + 𝛽𝑆𝑝𝑤
] 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝑇𝑚 
𝑡𝑚𝑝1 = [𝜃1 𝑍𝑖 + 𝜃2 ( 𝑄𝑖 − 𝜇𝑥)] [

𝛼𝑄𝑖 + 𝛽𝑇𝑚

𝛼𝜇𝑥 + 𝛽𝐺𝑚𝑑
] 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝑀𝑟 
𝑡𝑚𝑝2 = [𝜃1 𝑍𝑖 + 𝜃2 ( 𝑄𝑖 − 𝜇𝑥)] [

𝛼𝑄𝑖 + 𝛽𝑀𝑟

𝛼𝜇𝑥 + 𝛽𝑀𝑟
] 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝐺𝑚𝑑 
𝑡𝑚𝑝3 = [𝜃1 𝑍𝑖 + 𝜃2 ( 𝑄𝑖 − 𝜇𝑥)] [

𝛼𝑄𝑖 + 𝛽𝐺𝑚𝑑

𝛼𝜇𝑥 + 𝛽𝐺𝑚𝑑
] 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝐷𝑚 
𝑡𝑚𝑝4 = [𝜃1 𝑍𝑖 + 𝜃2 ( 𝑄𝑖 − 𝜇𝑥)] [

𝛼𝑄𝑖 + 𝛽𝐷𝑚

𝛼𝜇𝑥 + 𝛽𝐷𝑚
] 

𝜃1 𝜃2 𝐶𝑥 𝛽 𝑆𝑝𝑤 
𝑡𝑚𝑝5 = [𝜃1 𝑍𝑖 + 𝜃2 ( 𝑄𝑖 − 𝜇𝑥)] [

𝛼𝑄𝑖 + 𝛽𝑆𝑝𝑤

𝛼𝜇𝑥 + 𝛽𝑆𝑝𝑤
] 

 

To derive MSE expression of the estimator 𝑡𝑚𝑟 , we performed the Taylor series expansion 

using the following terms: 

𝑒0 =
𝑍𝑖−𝜇𝑦

𝜇𝑦
  and 𝑒1 =

𝑄𝑖−𝜇𝑥

𝜇𝑥
 

𝐸[𝑒0] = 𝐸[𝑒1] = 0 ; 𝐸(𝑒0
2) = 𝑓 

𝑣𝑎𝑟(𝑍𝑖)

�̅�2 = 𝑓 𝑐𝑦
2 [

𝜆

2−𝜆
]; 𝐸(𝑒1

2) = 𝑓 
𝑣𝑎𝑟(𝑄𝑖)

�̅�2 = 𝑓 𝑐𝑥
2 [

𝜆

2−𝜆
];  

 𝐸(𝑒0𝑒1) = 𝑓 
𝐶𝑜𝑣(𝑍𝑖,𝑄𝑖)

�̅��̅�
= 𝑓 𝜌 𝑐𝑦𝑐𝑥 [

𝜆

2−𝜆
] 

Using the above terms, Equation (19) can be written as: 

𝑡𝑚𝑟 = [𝜃1𝑚𝑟  𝜇𝑦(1 + 𝑒0) − 𝜃2𝑚𝑟𝜇𝑥𝑒1] [
𝛼𝜇𝑥+𝛽𝐶

𝛼 𝜇𝑥(1+𝑒1)+𝛽𝐶
]                                                    (21) 
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Equation (21) can further be written as: 

𝑡𝑚𝑟 =  𝜇𝑦[𝜃1𝑚𝑟(1 + 𝑒0) − 𝜃2𝑚𝑟  𝛾′∗𝑒1](1 + 𝛾′ 𝑒1)−1                                           (22)           

Where   𝛾′ = 
𝛼 𝜇𝑥

𝛼 𝜇𝑥+𝛽𝐶
  ,  𝛾′∗ =

𝜇𝑥

𝜇𝑦
 and 𝛽 = 1 

Subtracting  𝜇𝑦 from both the sides of equation (22) and then squaring: 

(𝑡𝑚𝑟 −  𝜇𝑦)
2

= [ 𝜇𝑦{𝜃1𝑚𝑟(1 + 𝑒0 − 𝛾′ 𝑒1 − 𝛾′𝑒0𝑒1 + 𝛾′2𝑒1
2) + 𝜃2𝑚𝑟 𝛾′∗(𝛾′𝑒1

2 − 𝑒1)} −  𝜇𝑦]
2
    

(23) 

Now taking expectation on both the sides of equation (23), we get MSE expression as: 

𝑀𝑆𝐸(𝑡𝑚𝑟) =  𝜇𝑦
2  𝐸[1 + 𝜃1𝑚𝑟

2  (1 + 𝑒0
2 + 3 𝛾′2 𝑒1

2 − 4 𝛾′ 𝑒0 𝑒1) + 𝜃2𝑚𝑟
2  𝛾′∗2

 𝑒1
2 +

                    2𝜃1𝑚𝑟𝜃2𝑚𝑟𝛾′∗(2𝛾′𝑒1
2 − 𝑒0𝑒1) − 2𝜃1𝑚𝑟(1 − 𝛾′𝑒0 𝑒1 + 𝛾′2𝑒1

2) − 2𝜃2𝑚𝑟𝛾′ 𝛾′∗𝑒1
2]    

(24)                                                      

Equation (24) can further be written as: 

𝑀𝑆𝐸(𝑡𝑚𝑟) =  𝜇𝑦
2  [1 + 𝜃1𝑚𝑟

2  𝐴1𝑚𝑟 + 𝜃2
2 𝐵1𝑚𝑟 + 2𝜃1𝑚𝑟𝜃2𝑚𝑟𝐶1𝑚𝑟 − 2𝜃1𝑚𝑟𝐷1𝑚𝑟 −

2𝜃2𝑚𝑟𝐸1𝑚𝑟]               (25)                                                                                                 

where 

𝐴1𝑚𝑟 = 1 + 𝑓 (
𝜆

2 − 𝜆
) (𝑐𝑦

2 + 3 𝛾′2 𝑐𝑥
2 − 4 𝛾′ 𝜌 𝑐𝑦 𝑐𝑥) 

𝐵1𝑚𝑟 = 𝑓 (
𝜆

2 − 𝜆
)  𝛾′∗

2

 𝑐𝑦
2 

𝐶1𝑚𝑟 = 𝑓 (
𝜆

2 − 𝜆
) 𝛾′∗(2𝛾′𝑐𝑥

2 − 𝜌 𝑐𝑦 𝑐𝑥) 

𝐷1𝑚𝑟 = 1 − 𝑓 (
𝜆

2 − 𝜆
) (𝛾′𝜌 𝑐𝑦 𝑐𝑥 − 𝛾′2𝑐𝑥

2) 

𝐸1𝑚𝑟 = 𝑓 (
𝜆

2 − 𝜆
) 𝛾′ 𝛾′∗𝑐𝑥

2 

To get the Minimum MSE of the estimator 𝑡𝑚𝑟𝑟 , we differentiated equation (25) with respect 

to 𝜃1𝑚𝑟 and 𝜃2𝑚𝑟 and we get MSE of the estimator 𝑡𝑚𝑟𝑟 minimum for the following values: 

𝜃1𝑚𝑟 =
𝐵1𝑚𝑟𝐷1𝑚𝑟 − 𝐶1𝑚𝑟𝐸1𝑚𝑟

𝐴1𝑚𝑟𝐵1𝑚𝑟 − 𝐶1𝑚𝑟
2 = 𝜃1𝑚𝑟

∗ (𝑠𝑎𝑦) 

𝜃2𝑚𝑟 =
𝐴1𝑚𝑟𝐸1𝑚𝑟 − 𝐶1𝑚𝑟𝐷1𝑚𝑟

𝐴1𝑚𝑟𝐵1𝑚𝑟 − 𝐶1𝑚𝑟
2 = 𝜃2𝑚𝑟

∗ (𝑠𝑎𝑦) 

Therefore,  

𝑀𝑖𝑛. 𝑀𝑆𝐸(𝑡𝑚𝑟) ≈  [
1 + 𝜃1𝑚𝑟

∗2  𝐴1𝑚𝑟 + 𝜃2𝑚𝑟
∗2  𝐵1𝑚𝑟 + 2𝜃1𝑚𝑟

∗ 𝜃2𝑚𝑟
∗ 𝐶1𝑚𝑟 − 2𝜃1𝑚𝑟

∗ 𝐷1𝑚𝑟

 −2𝜃2𝑚𝑟
∗ 𝐸1𝑚𝑟

]     (26) 

Similarly, MSE expression for the product estimator is derived as: 

𝑀𝑆𝐸(𝑡𝑚𝑝) ≈  𝐸[1 + 𝜃1𝑚𝑝
2  (1 + 𝑒0

2 +  𝛾′2 𝑒1
2 + 4 𝛾′ 𝑒0 𝑒1) + 𝜃2𝑚𝑝

2  𝛾′∗2
 𝑒1

2 −

2𝜃1𝑚𝑝𝜃2𝑚𝑝𝛾′∗(2𝛾′ 𝑒1
2 + 𝑒0𝑒1) − 2𝜃1𝑚𝑝(1 + 𝛾′2

𝑒1
2) + 2𝜃2𝑚𝑝𝛾′ 𝛾′∗𝑒1

2]   (27) 

Equation (23) can further be written as:                                                       

𝑀𝑆𝐸(𝑡𝑚𝑝) ≈ [1 + 𝜃1𝑚𝑝
2  𝐴1𝑚𝑝 + 𝜃2𝑚𝑝

2  𝐵1𝑚𝑝 + 2𝜃1𝑚𝑝𝜃2𝑚𝑝𝐶1𝑚𝑝 − 2𝜃1𝑚𝑝𝐷1𝑚𝑝 −

2𝜃2𝑚𝑝𝐸1𝑚𝑝]                   (28)             

where 
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𝐴1𝑚𝑝 = 1 + 𝑓 (
𝜆

2 − 𝜆
) (𝑐𝑦

2 +  𝛾′2 𝑐𝑥
2 + 4 𝛾′ 𝜌 𝑐𝑦 𝑐𝑥) 

𝐵1𝑚𝑝 = 𝑓 (
𝜆

2 − 𝜆
)  𝛾′∗

2

 𝑐𝑦
2 

𝐶1𝑚𝑝 = −𝑓 (
𝜆

2 − 𝜆
) 𝛾′∗(2𝛾′𝑐𝑥

2 + 𝜌 𝑐𝑦 𝑐𝑥) 

𝐷1𝑚𝑝 = 1 + 𝑓 (
𝜆

2 − 𝜆
) 𝛾′𝜌 𝑐𝑦 𝑐𝑥 

𝐸1𝑚𝑝 = −𝑓 (
𝜆

2 − 𝜆
) 𝛾′ 𝛾′∗𝑐𝑥

2 

To get the Minimum MSE of the estimator 𝑡𝑚𝑝 , we differentiated equation (28) with respect 

to 𝜃1𝑚𝑝 and 𝜃2𝑚𝑝 and we get MSE of the estimator 𝑡𝑚𝑝 minimum for the following values: 

𝜃1𝑚𝑝 =
𝐵1𝑚𝑝𝐷1𝑚𝑝 − 𝐶1𝑚𝑝𝐸1𝑚𝑝

𝐴1𝑚𝑝𝐵1𝑚𝑝 − 𝐶1𝑚𝑝
2 = 𝜃1𝑚𝑝

∗ (𝑠𝑎𝑦) 

𝜃2𝑚𝑝 =
𝐴1𝑚𝑝𝐸1𝑚𝑝 − 𝐶1𝑚𝑝𝐷1𝑚𝑝

𝐴1𝑚𝑝𝐵1𝑚𝑝 − 𝐶1𝑚𝑝
2 = 𝜃2𝑚𝑝

∗ (𝑠𝑎𝑦) 

Therefore,  

𝑀𝑖𝑛. 𝑀𝑆𝐸(𝑡𝑚𝑝) ≈  [1 + 𝜃1𝑚𝑝
∗2  𝐴1𝑚𝑝 + 𝜃2𝑚𝑝

∗2  𝐵1𝑚𝑝 + 2𝜃1𝑚𝑝
∗ 𝜃2𝑚𝑝

∗ 𝐶1𝑚𝑝 − 2𝜃1𝑚𝑝
∗ 𝐷1𝑚𝑝 −

2𝜃2𝑚𝑝
∗ 𝐸1𝑚𝑝]      (29) 

                                                                                                                            

Results 

For the comparison purpose, we have calculated Relative efficiency (RE) of the estimators. RE 

is calculated as: 

RE=
𝑀𝑆𝐸 𝑜𝑓 𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟

𝑀𝑆𝐸 𝑜𝑓 𝑡ℎ𝑒 𝑢𝑠𝑢𝑎𝑙 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟
 

Table 2(a) and 2(b) shows the RE of the ratio and product estimators for the different values of 

the correlation coefficient respectively. It is found that: 

• Our proposed estimator 𝑡𝑟𝑖 , 𝑡𝑟𝑝𝑖(𝑖 = 1,2, … ,5) perform better than the other existing 

estimators. 

• Our proposed estimators 𝑡𝑟1, 𝑡𝑟2, 𝑡𝑟3, 𝑡𝑟4, 𝑡𝑟5 have the almost same RE, so anyone of the 

estimator can be used for the estimation purpose depending on the availability of particular 

auxiliary information. Since 𝑡𝑟1, 𝑡𝑟2, 𝑡𝑟3, 𝑡𝑟4 𝑎𝑛𝑑 𝑡𝑟5 have almost same RE, this is the reason 

we have written RE for  𝑡𝑟𝑖 only. Same is for product estimators 𝑡𝑟𝑝1, 𝑡𝑟𝑝2, 𝑡𝑟𝑝3, 𝑡𝑟𝑝4 𝑎𝑛𝑑 𝑡𝑟𝑝5. 

• As 𝜆 increases from 0.1 to 1 (i.e., weightage to current information increases), RE of the 

estimators decreases. 

• For 𝜆 = 1, estimator 𝑡𝑚𝑟 and 𝑡𝑚𝑟𝑖 (𝑖 = 1, 2, … ,5) are same as estimator 𝑡𝑟 and 𝑡𝑟𝑖. 

• As we have also calculated RE for the different values of correlation coefficient. On varying 𝜌 

from 0.05 to 0.95, RE of the estimators increases. Same is the case when we varied from -0.05 

to -0.95.  

• RE of the proposed estimators is higher than the existing ones, this shows that proposed 

estimators are better than the existing ones for any value of 𝜌. 

• We have also studied the change in RE for the different sample values as we varied n from 20 

to 500. As the size of n increases RE decreases. 
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Conclusion 

In this paper, we have studied the behaviour of our proposed modified ratio estimators for the 

cross-sectional and time scaled survey using estimates of auxiliary estimators. We found that 

our proposed estimators perform better than the existing ones. So, it is recommended to use 

our estimator for the time scaled surveys.  
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Table 2(a) : RE of the ratio estimators for the different positive values of correlation coefficient. 

𝜌 𝑛  𝜆=0.1 𝜆=0.25 𝜆=0.5 𝜆=0.75 𝜆=1 

𝑡𝑟 𝑡𝑟𝑖 𝑡𝑚𝑟 𝑡𝑚𝑟𝑖 𝑡𝑚𝑟 𝑡𝑚𝑟𝑖 𝑡𝑚𝑟 𝑡𝑚𝑟𝑖 𝑡𝑚𝑟 𝑡𝑚𝑟𝑖 𝑡𝑚𝑟 𝑡𝑚𝑟𝑖 

 

 

 

 

20 0.95

8   

1.074  18.20

8  

20.112 6.708  7.420 2.87
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Table 2 (b): RE of the r estimators for the different negative values of correlation coefficient. 

𝜌 𝑛  𝜆=0.1 𝜆=0.25 𝜆=0.5 𝜆=0.75 𝜆=1 

𝑡𝑟 𝑡𝑟𝑝𝑖 𝑡𝑚𝑟𝑝 𝑡𝑚𝑟𝑝𝑖 𝑡𝑚𝑟𝑝 𝑡𝑚𝑟𝑝𝑖 𝑡𝑚𝑟𝑝 𝑡𝑚𝑟𝑝𝑖 𝑡𝑚𝑟𝑝 𝑡𝑚𝑟𝑝𝑖 𝑡𝑚𝑟𝑝 𝑡𝑚𝑟𝑝𝑖 
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