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Introduction and Preliminaries 

In the study of cyclic mappings, fixed point theorems provide conditions under which the 

existence and uniqueness of fixed points can be guaranteed. These conditions can vary 

depending on the specific class of cyclic mappings being considered. 

For example, the Banach fixed point theorem guarantees the existence and uniqueness of a 

fixed point for contraction mappings on a complete metric space. On the other hand, the 

Brouwer fixed point theorem only guarantees the existence of at least one fixed point for 

continuous mappings on a compact, convex set. 

There are also other fixed point theorems that guarantee the existence of a fixed point under 

weaker conditions or even multiple fixed points under certain conditions. For example, the 

Schauder fixed point theorem guarantees the existence of at least one fixed point for a 

continuous mapping on a closed, convex subset of a Banach space. And the Kakutani fixed 

point theorem guarantees the existence of a fixed point for a continuous mapping on a non-

empty, convex, and compact subset of a locally convex topological vector space. 

It is important to note that even if a fixed point theorem guarantees the existence of a fixed 

point for a given class of mappings, it does not necessarily provide a method for finding the 

fixed point. In practice, finding fixed points for a specific mapping may be difficult or even 

impossible. 

Additionally, the uniqueness of fixed points may be very important in certain problems, in such 

cases, the fixed point theorems that guarantee the uniqueness of fixed points will be more 

useful. 
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In 2003, In their paper, Kirk et al. [4] introduced the concept of cyclical contractive mappings 

and extended the Banach fixed point result to the class of cyclic mappings. They generalized 

the notion of contractive mappings to cyclical contractive mappings and proved that these 

mappings also have a unique fixed point. This expanded the class of mappings for which a 

fixed point can be guaranteed and provided a new tool for studying the existence and 

uniqueness of fixed points in various mathematical contexts. 

The concept of coupled fixed points was first introduced in the work of Guo et al. [13], 

Following the discovery of a coupled contraction mapping theorem by Bhaskar et al. [5], 

coupled fixed point results emerged in numerous subsequent studies, such as [5, 9, 10, 11, 12, 13] 

Definition 1.  Let (𝐸, 𝑑) be a metric space and let 𝑋 and 𝑌 be two nonempty subsets of 𝐸. 

A mapping 𝑇: 𝑋 ∪ 𝑌 → 𝑋 ∪ 𝑌 is said to be a cyclic mapping provided that 

                                           𝑇(𝑋) ⊆ 𝑌, 𝑇(𝑌) ⊆ 𝑋.               (1) 

A point 𝑥 ∈ 𝑋 ∪ 𝑌 is called a best proximity point if 𝑑(𝑥, 𝑇𝑥) = 𝑑(𝑋, 𝑌) where 𝑑(𝑋, 𝑌) =

inf(𝑑(𝑥, 𝑦): 𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌).In 2011, Erdal Karapınar and Inci M. Erhan [1] proved. 

The following fixed point theorem for a cyclic map. 

Definition 2.  Let 𝑋 and 𝑌 be non-empty subsets of a metric space (𝐸, 𝑑). A cyclic map 𝑇: 𝑋 ∪

𝑌 → 𝑋 ∪ 𝑌 is said to be a Kannan Type cyclic contraction if there exists  𝑘 ∈ (0,
1

2
) such that: 

 𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑘[𝑑(𝑇𝑥, 𝑥) + 𝑑(𝑇𝑦, 𝑦)], ∀𝑥 ∈ 𝑋, ∀𝑦 ∈ 𝑌.         (2) 

Recently Karapinar [4] proposed a new Kannan-type contractive mapping using the concept of 

interpolation and proved a fixed point theorem in metric space. This new type of mapping, 

called "interpolative Kannan-type contractive mapping is a generalization of Kannan’s fixed 

point theorem. 

Theorem 3.  Let us recall that an interpolative Kannan contraction on a metric space (𝐸, 𝑑) 

is a self-mapping 𝑇: 𝐸 → 𝐸 such that there exist 𝑘 ∈ [0,1)  and 𝛼 ∈ (0,1) such that: 

 𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑘[𝑑(𝑇𝑥, 𝑥)]𝛼[𝑑(𝑇𝑦, 𝑦)]1−𝛼,  (𝑥, 𝑦) ∈ 𝐸 × 𝐸 with 𝑥, 𝑦 ∉ 𝐹𝑖𝑥(𝑇)     (3) 

Then 𝑇 has a unique fixed point in 𝐸. 

This theorem has been generalized in 2023 by Edraoui. M, El koufi [7]. 

Definition 4.  [7]Let (𝐸, 𝑑) be a metric space and let 𝑋 and 𝑌 be nonempty subsets of  𝐸. A 

cyclic map 

 𝑇: 𝑋 ∪ 𝑌 → 𝑋 ∪ 𝑌 is said to be a interpolative Kannan Type cyclic contraction if there 

exists  𝑘 ∈ [0,1)  and 𝛼 ∈ (0,1) such that: 

 𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑘[𝑑(𝑇𝑥, 𝑥)]𝛼[𝑑(𝑇𝑦, 𝑦)]1−𝛼,  for all  (𝑥, 𝑦) ∈ 𝑋 × 𝑌 with 𝑥, 𝑦 ∉ 𝐹𝑖𝑥(𝑇)     (4) 
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Next, we give fixed point theorem for a interpolative Kannan Type cyclic contraction. 

Theorem 5. [7]  Let (𝐸, 𝑑) be a complete metric space and let 𝑋 and 𝑌 be nonempty subsets 

of  𝐸 and let 𝑇: 𝑋 ∪ 𝑌 → 𝑋 ∪ 𝑌 be interpolative Kannan Type cyclic contraction. Then 𝑇 has a 

unique fixed point in 

 𝑋 ∩ 𝑌. 

Definition 6.  let 𝐸 be a non-empty set and 𝐹: 𝐸 × 𝐸 → 𝐸 .An element (𝑥, 𝑦) ∈ 𝐸 × 𝐸 is called 

a coupled fixed point of the mapping 𝐹 if 𝐹(𝑥, 𝑦) = 𝑥 and 𝐹(𝑦, 𝑥) = 𝑦 

In 2014 [5], Binayak S. Choudhury and Pranati Maity. presented the idea of strong coupled 

fixed points and established certain cyclic coupled fixed point outcomes using Kannan type 

contractions. The definition of a strong coupled fixed point is as follows: 

Definition 7.  [5] (Strong coupled fixed point). We call the coupled fixed point in the above 

definition to be strong coupled fixed point if 𝑥 = 𝑦, that is, if 𝐹(𝑥, 𝑥) = 𝑥 

Definition 8.   [5](Cyclic coupled Kannan type contraction). Let 𝑋 and 𝑌 be two nonempty 

subsets of a metric space (𝐸, 𝑑). We call a mapping 𝐹: 𝐸 × 𝐸 → 𝐸 a cyclic coupled Kannan 

type contraction with respect to 𝑋 and 𝑌 if 𝐹 is cyclic with respect to 𝑋 and 𝑌 satisfying, for 

some 𝐾 ∈ (0,1/2), the inequality         

                                   𝑑(𝐹(𝑥, 𝑦), 𝐹(𝑢, 𝑣)) ≤ 𝑘[𝑑(𝑥, 𝐹(𝑥, 𝑦)) + 𝑑(𝑢, 𝐹(𝑢, 𝑣))]       (5) 

where 𝑥, 𝑢 ∈ 𝑋,  𝑦, 𝑣 ∈ 𝑌. 

Theorem 9.  [5] Let 𝑋 and 𝑌 be two nonempty closed subsets of a complete metric space (𝐸, 𝑑). 

Let 𝐹: 𝐸 × 𝐸 → 𝐸 be a cyclic coupled Kannan type contraction with respect to 𝑋 and 𝑌 and 

𝑋 ∩ 𝑌 ≠ ⌀. Ten 𝐹 has a strong coupled fixed point in 𝑋 ∩ 𝑌. 

Main results 

This paper introduces a coupled cyclic mapping, specifically the cyclic coupled interpolative 

Kannan type contraction, and demonstrates that such mappings possess strong coupled fixed 

points. 

Definition 10.  Let (𝐸, 𝑑) be a metric space and let 𝑋 and 𝑌 be nonempty subsets of  𝐸. A cyclic 

map 𝐹: 𝐸 × 𝐸 → 𝐸 is said to be a cyclic coupled interpolative Kannan Type contraction with 

respect to 𝑋 and 𝑌 if 𝐹 is cyclic with respect for some  𝑘 ∈ (0,
1

2
) and 𝛼 ∈ (0,1) such that: 

 𝑑(𝐹(𝑥, 𝑦), 𝐹(𝑢, 𝑣)) ≤ 𝑘[𝑑(𝑥, 𝐹(𝑥, 𝑦))]1−𝛼[𝑑(𝑢, 𝐹(𝑢, 𝑣))]
𝛼

,  for all  𝑥, 𝑢 ∈ 𝑋,  𝑦, 𝑣 ∈ 𝑌    (6) 

Theorem 11.  Let (𝐸, 𝑑) be a complete metric space and let 𝑋 and 𝑌 be nonempty subsets of 

 𝐸 and let 𝐹: 𝐸 × 𝐸 → 𝐸 be cyclic coupled interpolative Kannan Type contraction, with respect 

to 𝑋 and 𝑌 and 𝑋 ∩ 𝑌 ≠ ∅. Ten 𝐹 has a strong coupled fxed point in 𝑋 ∩ 𝑌 
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Proof. Let 𝑥0 ∈ 𝑋 and 𝑦0 ∈ 𝑌 be any two elements and let the sequences {𝑥𝑛} and {𝑦𝑛} be 

defined as 

             𝑥1 = 𝐹(𝑦0, 𝑥0); 𝑥𝑛+1 = 𝐹(𝑦𝑛, 𝑥𝑛) and 𝑦1 = 𝐹(𝑥0, 𝑦0) 𝑦𝑛+1 = 𝐹(𝑥𝑛, 𝑦𝑛) for all 𝑛 ∈ ℕ 

Then by (6) we have 

𝑑(𝑥1, 𝑦2) = 𝑑(𝑥1, 𝐹(𝑥1, 𝑦1))

= 𝑑(𝐹(𝑦0, 𝑥0), 𝐹(𝑥1, 𝑦1))

≤ 𝑘[𝑑(𝑦0, 𝐹(𝑦0, 𝑥0))]1−𝛼[𝑑(𝑥1, 𝐹(𝑥1, 𝑦1))]
𝛼

= 𝑘[𝑑(𝑦0, 𝑥1)]1−𝛼[𝑑(𝑥1, 𝑦2)]𝛼

 

which implies that, 

[𝑑(𝑥1, 𝑦2)]1−𝛼 ≤ 𝑘[𝑑(𝑦0, 𝑥1)]1−𝛼         (7) 

And so 𝑑(𝑥1, 𝑦2) ≤ 𝑡𝑑(𝑦0, 𝑥1) , where 𝑡 = 𝑘
1

1−𝛼 and clearly 𝑡 ∈ (0,1). 

and 

𝑑(𝑦2, 𝑥1) = 𝑑(𝑦1, 𝐹(𝑦1, 𝑥1))

= 𝑑(𝐹(𝑥0, 𝑥0), 𝐹(𝑦1, 𝑥1))

≤ 𝑘[𝑑(𝑥0, 𝐹(𝑥0, 𝑦0))]1−𝛼[𝑑(𝑦1, 𝐹(𝑦1, 𝑥1))]
𝛼

= 𝑘[𝑑(𝑥0, 𝑦1)]1−𝛼[𝑑(𝑦1, 𝑥2)]𝛼

 

which implies that, 

[𝑑(𝑦2, 𝑥1)]1−𝛼 ≤ 𝑘[𝑑(𝑥0, 𝑦1)]1−𝛼        (8) 

And so 𝑑(𝑦2, 𝑥1) ≤ 𝑡𝑑(𝑥0, 𝑦1) , where 𝑡 = 𝑘
1

1−𝛼 and clearly 𝑡 ∈ (0,1). 

Inductively, using this process for all 𝑛 ∈ ℕ we have 

𝑑(𝑥𝑛, 𝑦𝑛+1) ≤ 𝑡𝑛𝑑(𝑦0, 𝑥1) and 𝑑(𝑦𝑛+1,𝑥𝑛) ≤ 𝑡𝑛𝑑(𝑥0, 𝑦1)       (9) 

for all 𝑛 ≤ 𝑚 where 𝑛 is even 

Let 𝑚 be even. 

𝑑(𝑥𝑚+1,𝑦𝑚+2) = 𝑑(𝐹(𝑦𝑚, 𝑥𝑚), 𝐹(𝑥𝑚+1, 𝑦𝑚+1))

≤ 𝑘[𝑑(𝑦𝑚, 𝐹(𝑦𝑚, 𝑥𝑚))]
1−𝛼

[𝑑(𝑥𝑚+1, 𝐹(𝑥𝑚+1, 𝑦𝑚+1))]
𝛼

≤ 𝑘[𝑑(𝑦𝑚, 𝑥𝑚+1)]1−𝛼[𝑑(𝑥𝑚+1, 𝑦𝑚+2)]𝛼

 

So, we have 

[𝑑(𝑥𝑚+1, 𝑦𝑚+2)]1−𝛼 ≤ 𝑘[𝑑(𝑦𝑚, 𝑥𝑚+1)]1−𝛼 
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𝑑(𝑥𝑚+1, 𝑦𝑚+2) ≤ 𝑘
1

1−𝛼𝑑(𝑦𝑚, 𝑥𝑚+1)

≤ 𝑡𝑑(𝑦𝑚, 𝑥𝑚+1)

≤ 𝑡[𝑡𝑛𝑑(𝑦0, 𝑥1)] = 𝑡𝑛+1𝑑(𝑦0, 𝑥1)

 

then 

𝑑(𝑥𝑚+1, 𝑦𝑚+2) ≤ 𝑡𝑛+1𝑑(𝑦0, 𝑥1)      (10) 

Similarly, we have 

𝑑(𝑦𝑚+2, 𝑥𝑚+1) ≤ 𝑡𝑛+1(𝑥0, 𝑦1)   (11) 

From the above we conclude that, for all odd integer 𝑛, we have: 

𝑑(𝑥𝑛, 𝑦𝑛+1) ≤ 𝑡𝑛𝑑(𝑦0, 𝑥1)  (12)

𝑑(𝑦𝑛, 𝑥𝑛+1) ≤ 𝑡𝑛𝑑(𝑥0, 𝑦1)
 

Let, for some integer 𝑚, then by applying (6) and (12) we get 

𝑑(𝑥𝑚+1, 𝑦𝑚+1) = 𝑑(𝐹(𝑦𝑚, 𝑥𝑚), 𝐹(𝑥𝑚, 𝑦𝑚))

≤ 𝑘[𝑑(𝑦𝑚, 𝐹(𝑦𝑚, 𝑥𝑚))]
1−𝛼

[𝑑(𝑥𝑚, 𝐹(𝑥𝑚, 𝑦𝑚))]
𝛼

≤ 𝑘[𝑑(𝑦𝑚, 𝑥𝑚+1)]1−𝛼[𝑑(𝑥𝑚, 𝑦𝑚+1)]𝛼

≤ 𝑘[𝑡𝑚𝑑(𝑥0, 𝑦1)]1−𝛼[𝑡𝑚𝑑(𝑦0, 𝑥1)]𝛼

≤ 𝑡1−𝛼[𝑡𝑚𝑑(𝑥0, 𝑦1)]1−𝛼[𝑡𝑚𝑑(𝑦0, 𝑥1)]𝛼

≤ 𝑡𝑚[𝑡𝑑(𝑥0, 𝑦1)]1−𝛼[𝑑(𝑦0, 𝑥1)]𝛼

 

Similarly, we have 

𝑑(𝑦𝑚+1,𝑥𝑚+1) ≤ 𝑡𝑚[𝑡𝑑(𝑦0, 𝑥1)]1−𝛼[𝑑(𝑥0, 𝑦1)]𝛼 

Let, for some integer 𝑛 we have: 

𝑑(𝑥𝑛, 𝑦𝑛) ≤
𝑡𝑛

𝑡𝛼
[𝑑(𝑥0, 𝑦1)]1−𝛼[𝑑(𝑦0, 𝑥1)]𝛼    (13)

𝑑(𝑦𝑛,𝑥𝑛) ≤
𝑡𝑛

𝑡𝛼
[𝑡𝑑(𝑦0, 𝑥1)]1−𝛼[𝑑(𝑥0, 𝑦1)]𝛼

 

Now, by (6), (12) and (13), for all 𝑛 ≥ 1, we have   

𝑑(𝑥𝑛, 𝑥𝑛+1) + 𝑑(𝑦𝑛, 𝑦𝑛+1) ≤ 𝑑(𝑥𝑛, 𝑦𝑛+1) + 𝑑(𝑦𝑛+1, 𝑥𝑛+1) + 𝑑(𝑦𝑛, 𝑥𝑛+1) + 𝑑(𝑥𝑛+1, 𝑦𝑛+1)

≤ 𝑡𝑛𝑑(𝑦0, 𝑥1) + 𝑡𝑛[𝑡𝑑(𝑦0, 𝑥1)]1−𝛼[𝑑(𝑥0, 𝑦1)]𝛼 + 𝑡𝑛𝑑(𝑥0, 𝑦1)

+𝑡𝑛[𝑡𝑑(𝑥0, 𝑦1)]1−𝛼[𝑑(𝑦0, 𝑥1)]𝛼

≤ 𝑡𝑛 (
𝑑(𝑦0, 𝑥1) + [𝑡𝑑(𝑦0, 𝑥1)]1−𝛼[𝑑(𝑥0, 𝑦1)]𝛼 + 𝑑(𝑥0, 𝑦1) +

[𝑡𝑑(𝑥0, 𝑦1)]1−𝛼[𝑑(𝑦0, 𝑥1)]𝛼 )

 

Since 𝑡 ∈ (0,1).Consequently, 
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∑ 𝑑

∞

𝑛=1

(𝑥𝑛, 𝑥𝑛+1) + 𝑑(𝑦𝑛, 𝑦𝑛+1) ≤ ∑ 𝑡𝑛

∞

𝑛=1

(
𝑑(𝑦0, 𝑥1) + [𝑡𝑑(𝑦0, 𝑥1)]1−𝛼[𝑑(𝑥0, 𝑦1)]𝛼

+𝑑(𝑥0, 𝑦1) + [𝑡𝑑(𝑥0, 𝑦1)]1−𝛼[𝑑(𝑦0, 𝑥1)]𝛼) 

Therefore, {𝑥𝑛} and {𝑦𝑛} are Cauchy sequences in (𝐸, 𝑑) by the completeness of 𝐸, then they 

are convergent to 𝑥 and 𝑦 respectively. 

Since 𝑋 and 𝑌 are closed subsets, {𝑥𝑛} ⊂ 𝑋, and {𝑦𝑛} ⊂ 𝑌, it follows that: 

lim
𝑛→∞

𝑥𝑛 = 𝑥 ∈ 𝑋𝑎𝑛𝑑 lim
𝑛→∞

𝑦𝑛 = 𝑦 ∈ 𝑌        (14) 

Again, from (13), 𝑑(𝑥𝑛, 𝑦𝑛) → 0 as 𝑛 → ∞ 

then 

𝑑(𝑥, 𝑦) = 0 whichi mplies that 𝑥 = 𝑦     (15) 

we conclude 𝑥 ∈ 𝑋 ∩ 𝑌 and hence 𝑋 ∩ 𝑌 ≠ ∅ 

Now, by (6), for all 𝑛 ≥ 1, we get: 

𝑑(𝑥, 𝐹(𝑥, 𝑦)) ≤ 𝑑(𝑥, 𝑥𝑛+1) + 𝑑(𝑥𝑛+1, 𝐹(𝑥, 𝑦))    (16)

= 𝑑 (𝑥, 𝐹(𝑦𝑛,𝑥𝑛)) + 𝑑 (𝐹(𝑦𝑛,𝑥𝑛), 𝐹(𝑥, 𝑦))

≤ 𝑑(𝑥, 𝑥𝑛+1) + 𝑘[𝑑(𝑦𝑛, 𝐹(𝑦𝑛, 𝑥𝑛))]
1−𝛼

[𝑑(𝑥, 𝐹(𝑥, 𝑦))]
𝛼

= 𝑑(𝑥, 𝑥𝑛+1) + 𝑘[𝑑(𝑦𝑛, 𝑥𝑛+1)]1−𝛼[𝑑(𝑥, 𝐹(𝑥, 𝑦))]
𝛼

 

By evaluating the limit as 𝑛 → ∞ in the preceding inequality, and employing equations (14) 

and (15), we ascertain that 𝑑(𝑥, 𝐹(𝑥, 𝑦)) = 0. Consequently, we can deduce that 𝑥 = 𝐹(𝑥, 𝑥), 

meaning 𝑥 represents a strong coupled fixed point of 𝐹. 

This completes the proof of the theorem.   
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