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Introduction and Preliminaries

In the study of cyclic mappings, fixed point theorems provide conditions under which the
existence and uniqueness of fixed points can be guaranteed. These conditions can vary
depending on the specific class of cyclic mappings being considered.

For example, the Banach fixed point theorem guarantees the existence and uniqueness of a
fixed point for contraction mappings on a complete metric space. On the other hand, the
Brouwer fixed point theorem only guarantees the existence of at least one fixed point for
continuous mappings on a compact, convex set.

There are also other fixed point theorems that guarantee the existence of a fixed point under
weaker conditions or even multiple fixed points under certain conditions. For example, the
Schauder fixed point theorem guarantees the existence of at least one fixed point for a
continuous mapping on a closed, convex subset of a Banach space. And the Kakutani fixed
point theorem guarantees the existence of a fixed point for a continuous mapping on a non-
empty, convex, and compact subset of a locally convex topological vector space.

It is important to note that even if a fixed point theorem guarantees the existence of a fixed
point for a given class of mappings, it does not necessarily provide a method for finding the
fixed point. In practice, finding fixed points for a specific mapping may be difficult or even
impossible.

Additionally, the uniqueness of fixed points may be very important in certain problems, in such
cases, the fixed point theorems that guarantee the uniqueness of fixed points will be more
useful.
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In 2003, In their paper, Kirk et al. [4] introduced the concept of cyclical contractive mappings

and extended the Banach fixed point result to the class of cyclic mappings. They generalized

the notion of contractive mappings to cyclical contractive mappings and proved that these

mappings also have a unique fixed point. This expanded the class of mappings for which a

fixed point can be guaranteed and provided a new tool for studying the existence and
uniqueness of fixed points in various mathematical contexts.

The concept of coupled fixed points was first introduced in the work of Guo et al. [13],
Following the discovery of a coupled contraction mapping theorem by Bhaskar et al. [5],
coupled fixed point results emerged in numerous subsequent studies, such as [5,9, 10,11, 12, 13]

Definition 1. Let (E, d) be a metric space and let X and Y be two nonempty subsets of E.
Amapping T:X UY — X UY is said to be a cyclic mapping provided that
TX)<Y, T(Y)cX. (1)

A point x € X UY is called a best proximity point if d(x,Tx) = d(X,Y) where d(X,Y) =
inf(d(x,y):x € X,y € Y).In 2011, Erdal Karapinar and Inci M. Erhan [1] proved.

The following fixed point theorem for a cyclic map.
Definition 2. Let X and Y be non-empty subsets of a metric space (E,d). Acyclicmap T: X U
Y - X UY issaid to be a Kannan Type cyclic contraction if there exists k € (0, %) such that:

d(Tx,Ty) < k[d(Tx,x) + d(Ty,y)],Vx e X,Vy €Y. )]

Recently Karapinar [4] proposed a new Kannan-type contractive mapping using the concept of
interpolation and proved a fixed point theorem in metric space. This new type of mapping,
called "interpolative Kannan-type contractive mapping is a generalization of Kannan’s fixed
point theorem.

Theorem 3. Let us recall that an interpolative Kannan contraction on a metric space (E, d)
is a self-mapping T: E — E such that there exist k € [0,1) and a € (0,1) such that:

d(Tx, Ty) < k[d(Tx, x)]1*[d(Ty,y)]*"%, (x,y) € E X E withx,y & Fix(T) (3)
Then T has a unique fixed point in E.
This theorem has been generalized in 2023 by Edraoui. M, El koufi [7].

Definition 4. [7]Let (E,d) be a metric space and let X and Y be nonempty subsets of E. A
cyclic map

T:XUY - XUY is said to be a interpolative Kannan Type cyclic contraction if there
exists k € [0,1) and a € (0,1) such that:

d(Tx,Ty) < k[d(Tx,x)]*[d(Ty,y)]*™%, forall (x,y) € X x Y withx,y & Fix(T) (4)
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Next, we give fixed point theorem for a interpolative Kannan Type cyclic contraction.

Theorem 5. [7] Let (E,d) be a complete metric space and let X and Y be nonempty subsets
of EandletT: X UY — X UY be interpolative Kannan Type cyclic contraction. Then T has a
unique fixed point in

XnY.

Definition 6. let E be a non-empty setand F: E X E — E .Anelement (x,y) € E X E is called
a coupled fixed point of the mapping F if F(x,y) =xand F(y,x) =y

In 2014 [5], Binayak S. Choudhury and Pranati Maity. presented the idea of strong coupled
fixed points and established certain cyclic coupled fixed point outcomes using Kannan type
contractions. The definition of a strong coupled fixed point is as follows:

Definition 7. [5] (Strong coupled fixed point). We call the coupled fixed point in the above
definition to be strong coupled fixed point if x = y, that is, if F(x,x) = x

Definition 8. [5](Cyclic coupled Kannan type contraction). Let X and Y be two nonempty
subsets of a metric space (E,d). We call a mapping F: E X E - E a cyclic coupled Kannan
type contraction with respect to X and Y if F is cyclic with respect to X and Y satisfying, for
some K € (0,1/2), the inequality

d(F(x, v), F(u, v)) < k[d(x, F(x, y)) + d(u, F(u, v))] (5)
where x,u € X, y,v €Y.

Theorem 9. [5] Let X and Y be two nonempty closed subsets of a complete metric space (E, d).
Let F: E X E — E be a cyclic coupled Kannan type contraction with respect to X and Y and
X NY # @ Ten F has a strong coupled fixed pointin X nY.

Main results
This paper introduces a coupled cyclic mapping, specifically the cyclic coupled interpolative

Kannan type contraction, and demonstrates that such mappings possess strong coupled fixed
points.

Definition 10. Let (E, d) be a metric space and let X and Y be nonempty subsets of E. A cyclic
map F: E X E — E is said to be a cyclic coupled interpolative Kannan Type contraction with

respect to X and Y if F is cyclic with respect for some k € (O, %) and a € (0,1) such that:

d(F(x, y), F(u, v)) < k[d(x,F(x, y))]l‘“[d(u,F(u, v))]a, forall x, u€ X, y,veyY (6)

Theorem 11. Let (E, d) be a complete metric space and let X and Y be nonempty subsets of
Eandlet F: E X E — E be cyclic coupled interpolative Kannan Type contraction, with respect
toXandY and X nY # @. Ten F has a strong coupled fxed pointinX nY
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Proof. Let x, € X and y, € Y be any two elements and let the sequences {x,} and {y,} be

defined as

x1 = F(¥0,%0); Xn+1 = F(yn, xn) and yy = F(x0, o) Yns1 = F(xp, yp) foralln € N

Then by (6) we have

d(xy,y;) = d(x1,F(x1»J’1))
= d(F(YO’xo),F(xp)ﬁ))
< k[d(yo, F (5o, x0))1*~*[d(x1, F G, y0))]*
= k[d (o, x)]'~*[d (x1, y2)]°

which implies that,
[dCer, y2)I' =% < kld(yo, x)]' ™% (7)

1
And so d(x;,y,) < td(y,x;) , Where t = k™= and clearly t € (0,1).

and

Ay, %) = d(}’1»F(3’1»x1))
= d(F(xm Xo), F()’l:x1))
< k[d(xo, F (xo, y0))1**[d (31, F 31, x))]"
= k[d(xo, yD ' *[d (¥, x2)]°

which implies that,
[d (2, x)]' % < kld(xo, y)]'™*  (8)
And so d(y,, x1) < td(xy,y1) , Where t = kﬁ and clearly t € (0,1).
Inductively, using this process for all n € N we have
d(xp, Ynt1) < t"d (¥, x1) and d(yn+1,xn) < t"d(x0,y1) (9)
for all n < m where n is even

Let m be even.

d(xm+1,ym+2) = d(F(ym: xm):F(xm+1' ym+1))

< k[d(ym, F(Ym, xm))]l_a[d(xm+1i F(mi1s Ym+1))]a
< kld(ym, xm+1)]1_a [d(Xm+1, Ym+2)1*

So, we have

[d(Xpm+1s ym+2)]1_a < kld(Ym, xm+1)]1_a
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1
d(xm+1rym+2) Skmd(ym;xm+1)
S td(yml xm+1)
< t[t"d(yo, x1)] = " d (o, x1)

then

d(xm+1'ym+2) < tn+1d(y0’x1) (10)

Similarly, we have

dWmsz Xme1) < "1 (0, 1) (11)

From the above we conclude that, for all odd integer n, we have:

d(xp, Yn+1) < t"d(ye,x1) (12)
AdWp Xns1) =< t"d(x0,¥1)

Let, for some integer m, then by applying (6) and (12) we get

d(xm+1:ym+1) = d(F(ym: xm)'F(xm' ym))

< k[d(ym'F(ym' xm))]l_a [d(xmrF(xm' ym))]a
< k[d(yml xm+1)]1_a [d(xm' ym+1)]a

< k[t™d(xo, y) I *[t™d (o, x1)]¢

< ™ d (o, y )] 4 [t (Yo, 1)1

< t™[td (%0, y1)] ¥ [d (Yo, x1)]¢

Similarly, we have

d(ym+1,xm+1) < t"™[td (Yo, x1)] " *[d (%0, ¥1)1*

Let, for some integer n we have:

d(xn,yn) < t—a[d(xo,yl)]l_“[d(yo,xl)]“ (13)

t
d(yn,xn) < s [td (yo, x1)]'~*[d (x0, y1)]*
Now, by (6), (12) and (13), for all n > 1, we have

d(Xp, Xne1) T A Yne1) < A Yna1) + dWnsrs Xna1) + Ay Xng1) + A1, Yrrr)

< t"d (o, x1) + t™[td (Yo, x) 1"~ *[d (x0, y1)]1* + t"d (%0, ¥1)

+t"[td (xo, y1)]' " [d (Yo, x1)]¢

i (d()’o»xl) + [td (¥o, 21 [d (x0, ¥ 1% + d(x0,¥1) +>
[td (xo, y1)1 " [d (o, x1)]¢

IA

Since t € (0,1).Consequently,
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N (Ao, + [td (Yo, 1) [d (xo, y1)]
DGt Oy < ) e et )

n=1 n=1

Therefore, {x,} and {y, } are Cauchy sequences in (E, d) by the completeness of E, then they
are convergent to x and y respectively.

Since X and Y are closed subsets, {x,} c X, and {y,,} c Y, it follows that:

limx, = x € Xandlimy, =y €Y (14)
n—->oo

n—oo
Again, from (13), d(x,, y,) > 0asn - o
then

d(x,y) = 0 whichi mplies thatx =y (15)
we concludex e XNY andhence X NY # @

Now, by (6), for all n > 1, we get:

d(er(xr y)) = d(x' xn+1) + d(xn+1ﬂF(x' y)) (16)
=d (x, F(yn,xn)) +d (F(yn_xn), F(x, y))

< d(x, %n41) + k[d( FOm )] “[d(x, F(x,9))]”
= d(x, Xpny1) + k[d O, X D14 [d (6, F(x,9))]°

By evaluating the limit as n — oo in the preceding inequality, and employing equations (14)
and (15), we ascertain that d(x,F(x, y)) = 0. Consequently, we can deduce that x = F(x, x),
meaning x represents a strong coupled fixed point of F.

This completes the proof of the theorem.
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