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Introduction

Let G= (V,E) be a (p,q) graph with p =|V(G)| vertices and q = |E(G)| edges,
where V(G) and E(G) respectively denote the vertex set and edge set of the graph G. Graph
labeling is used in many areas of sciences and technology. For all other standard terminology
and notations we follow Harary [2]. A lot of graph labeling techniques are discussed in [1].
The concept of root square mean labeling has been introduced by S. S. Sandhya, S.
Somasundaram and S. Anusa in 2014 [4]. Meena. S and Mani. R [3] investigated this
labeling for some cycle related graphs . Prime cordial labeling for theta graph has been
proved by A. Sugumaran and P. Vishnu Prakash [5]. In this paper, we examine about the
root square mean labeling of theta 6, graphs and some new examples are presented and
verified. We now give the definitions which are necessary for the present investigation.
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Definition 1.1:

The corona of two graphs G; and G, is the graph G = G; © G, formed by taking one copy of
G, and |V(G,)| copies of G, where the i*" vertex of G, is adjacent to every vertex in the it"
copy of G,.

Definition 1.2:

A theta graph is a block with two non-adjacent vertices of degree 3 and all other vertices of
degree 2 is called a theta graph and it is denoted by 6,,.

Definition 1.3:
The union of two graphs G; = (V;,E;) and G, = (V,,E,) isagraph G = G; U G,
with vertex set V. =V, UV, and the edge set = E; U E,.
Definition 1.4:
A triangular snake T, is obtained from a path b, b, ... b, by joining b; and b; ., to
anewvertexc;forl <i<n-1.
Definition 1.5:
A quadrilateral snake Q,, is obtained from a path b, b, ... b, by joining b; and b;, ;
to a new vertices c; and d; for 1 <i < n — 1 respectively .
Il. Main Results
In this paper, we investigate the root square mean labeling of theta 6, Graphs.
Theorem 2.1:
Theta 6, is a root square mean graph.
Proof:

LetG =0,

Let a;a, ...a, be the vertices of theta in G.

Let V(G) = {aja, ...ay}

E(G) = {ajaj41 /1 i< a—1}U{aas aqay}

Define a function f: V(G) — {1,2, ...,a + 2}

f(a)) =i for 1<i<5
f(aj) = 2i — 5 for 6<i<a
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Then the edge labels are distinct.
Hence f is a root square mean labeling of G.
Example 2.1.1:
The root square mean labeling of 8 is given below:
3 4
2 - 5
1
9 7
Figure 1
Theorem 2.2:
8, O Kj is a root square mean graph.
Proof:
LetG =6, O K,
Let a,a, ...a, be the vertices of theta in G.
Let b, b, ... b, be the pendant vertices attached at a;a, ...a, respectively.
Let V(G) = {a;a, ...ay, bib,...b,}
E(G) ={ajaj;1 /1 <i<a—-1}uU{ab; /1 <i<a}U({aas aza,}
Define a function f: V(G) — {1,2, ..., 2a + 1}
f(a;) = 2i for 1<i<5
f(a)) =2i+1 for 6<i<a
f(b;) =2i—1 for 1<i<5
f(b;) = 2i for 6<i<a
Then the edge labels are distinct.
Hence f is a root square mean labeling of G.
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Example 2.2.1:

The root square mean labeling of 6, ® Kj is given below:

bfl b‘
5 7
a,
as 6 LB
1 b as
10
b,3 ® ® 9 b
4 2
a, a, %
as 13
15
14 b, 12 b,
Figure 2

Theorem 2.3:
0, O K, is a root square mean graph.
Proof:
LetG=0, OK,
Let a;a, ...a, be the vertices of the theta 6, in G.

Let b;b,..b, and c;c,..c, be the pendant vertices attached at aja,..a,
respectively.

Let V(G) = {alaz Ay b1b2 "'bOU C1Co "'CO(}

E(G) ={ajaj;; /1 <i<a—-1}ufab;/1<i<a}Uf{ai/1<i<da}
U{aias, aqaz}

Define a function f: V(G) — {1,2, ..., 3a + 2}

f(aj)) =3i—1 for 1<i<5

f(a)) =3i+1 for 6<i<a

f(b;) =3i—2 for 1<i<5

f(b;) = 3i for 6<i<a

f(c;) = 3i for 1<i<5
f(c;) =3i+2 for 6<i<a
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Then the edge labels are distinct.
Hence f is a root square mean labeling of G.

Example 2.3.1:

The root square mean labeling of 6, ® K, is given below:

7" 9 10 12
b1 3
6 8 i i 11
13
15
4% 5 2 ia
22 % 19
23 21 20 18
Figure 3

Theorem 2.4:

8, O Kj is a root square mean graph.
Proof:
LetG =0, OK;
Let a,a, ...a, be the vertices of the theta 6, in G.

Let b;b,..b,, cc,..c, and d,d,..d, be the pendant vertices attached at
aa, ...a, respectively.

Let V(G) = {a;a; ...ay, bib,...by, ciCy..cy, did,...dy}

E(G)={aiai+1/1SiSa—l}U{aibi/lSiSa}U{am/lSiSa}
Ufa;d; /1 <i<a}U{ajas, asa,}

Define a function f: V(G) — {1,2, ..., 4a + 2}

f(a;)) = 4i— 2 for 1<i<5
f(a;) = 4i for 6<i<a
f(b;) = 4i—3 for 1<i<5
f(b;)) =4i—1 for 6<i<a
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f(c;) =4i—1 for 1<i<5
f(cp)=4i+1 for 6<i<a
f(d;) = 4i for 1<i<5
f(d)) =4i+2 for 6<i<a

Then the edge labels are distinct.
Hence fis a root square mean labeling of G.

Example 2.4.1:

The root square mean labeling of 6, ® K is given below:

9 I 12 13 15 16
Ci
1 3 4
8 10 b 14
i v d, g » 17
7 ® e 19
2 2
A 20
’ 28 a’ 24
30 29 27 26 25 23
Figure 4

Theorem 2.5:

0, O K, is a root square mean graph.
Proof:

LetG =0, OK,

Let a;a, ...a, be the vertices of theta in G.

Let b,;b,..b, and c;c,..c, be the pendant vertices attached at aja,..a,
respectively.

Let V(G) = {alaz e dg, b1b2 "'bOU C1Cy "'COK}

E(G) ={ajaj;; /1 <i<a—-1}ufab;/1<i<a}U{ai/1<i<da}
U{bici /1 <i<a}U({ajas, aza,}

Define a function f: V(G) — {1,2, ..., 4a + 2}
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f(a;) = 4i— 2 for 1<i<5
f(a;) = 4i for 6<i<a
f(b;) =4i—3 for 1<i<5
f(by)) =4i—1 for 6<i<a
f(c;) = 4i for 1<i<5
f(c;)) =4i+ 2 for 6<i<
Then the edge labels are distinct.
Hence f is a root square mean labeling of G.
Example 2.5.1:
The root square mean labeling of 6, O K, is given below:
9 12 13 16
" 10 o 14
v G 17
20
5 6 2 18
28 “ 24
30 27 26 23
Figure 5
Theorem 2.6:
04 U Cg is aroot square mean graph.
Proof:
Let G = Ga V) CB
Let a;a, ...a, be the vertices of the theta in G.
Let byb, ...bg be the vertices of cycle in G.
Let V(G) = {a;a; ...a4, byb, ... bg}
E(G)={alaH_l/lSlSO(—l}U{ble_l/lSlSB—l}
U{alas, asay, bBb1}
13055
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Define a function f: V(G) — {1,2,...,a + B+ 1}
f(a) =i for 1<i<5
fla)) =i+1 for 6<i<a
f(b) =a+i+1 for 1<i<p
Then the edge labels are distinct.
Hence f is a root square mean labeling of G.
Example 2.6.1:
The root square mean labeling of (6, U Cs) is given below:
3 4 b;
9
a; 10
2 . 5 13
1
12 W
8 7
Figure 6
Theorem 2.7:

0. U (Cg O K, ) is a root square mean graph.
Proof:

Let G =0, U (Cg OK;)

Let a;a, ...a, be the vertices of the theta in G.

Let byb, ...bg be the vertices of cycle in G and let c,c; ...cg be the pendant vertices
attached at by b, ... bg respectively.

Let V(G) = {alaz e dg, b1b2 bB, C1Cy ... CB}
E(G)={alal+1/1SISa—l}U{blel/lSlSB—l}
U {bic; /1 <i<B}u{ajas, aza, bgby}

Define a function f: V(G) — {1,2,...,a + 2B + 1}
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f(a;) = i for 1<i<5
fla)) =i+1 for 6<i<a
f(by) =a+2i+1 for 1<i<p
f(c;) = a+ 2i for 1<i<p

Then the edge labels are distinct.
Hence f is a root square mean labeling of G.

Example 2.7.1:

The root square mean labeling of 6, U (CS O] K_l) is given below:

3 4
a;
2 - 5
1
8 7
Figure 7
Theorem 2.8:

0. U (Cg O K3) is a root square mean graph.
Proof:

Let G =0, U (Cg OKy)

Let a;a, ...a, be the vertices of the theta in G.

Let b;b, ...bg be the vertices of cycle in G and let c;c, ...cg and d;d, ...dg be the
pendant vertices attached at b1 b, ... bg respectively.

Let V(G) = {a;a; ...aq, byb, ... bg, ¢1¢; ... Cp, dyd; .. dg }
E(G)={alaH_l/lSlSO(—l}U{ble_l/lSlSB—l}
Ufbic;/1<i<Blufbd;/1<i<B}uU {alas, a,ay, b3b1}

Define a function f: V(G) — {1,2,...,a + 3 + 1}
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f(a) =i for 1<i<5
fla)) =i+1 for 6<i<a
f(b;) = a + 3i for 1<i<p
f(c)) =a+3i—1 for 1<i<p
f(d)) =a+3i+1 for 1<i<p
Then the edge labels are distinct.
Hence f is a root square mean labeling of G.
Example 2.8.1:
The root square mean labeling of 8, U (C, ©® K;) is given below:
Ci di
9 11
3 4
a; 20

17 15

Figure 8
Theorem 2.9:
0. U (Cg O K3) is a root square mean graph.
Proof:
Let G =0, U (Cg O Kj)
Let a;a, ...a, be the vertices of the theta in G.

Let b;b,..bg be the vertices of cycle in G and let cc;...cg,d;d; ...dgand
d;d; ...dj be the pendant vertices attached at by b, ... bg respectively.

Let V(G) = {apa;a, ...ag, byb, ... by, ¢1¢p ... Cp, d1d, .. dg, did) ...dg }

E(G)={a1a1+1/1SlSO(—l}U{ble_l/lSlSB—l}
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U{alas, asay, b3b1}
Define a function f: V(G) — {1,2, ...,a + 4B + 1}
f(a) =i for 1<i<5
fla)) =i+1 for 6<i<a
f(by) =a+4i—1 for 1<i<p
f()) =a+4i—2 for 1<i<p
f(d;) = o + 4i for 1<i<p
f(d) =a+4i+1 for 1<i<§p
Then the edge labels are distinct.
Hence f is a root square mean labeling of G.
Example 2.9.1:
The root square mean labeling of 8, U (C, © K3) is given below:
¢ d; dy
9 11 12
3 4
24
ay 13
2 - b |723 15
1
21 16
8 2
20 19 17
Figure 9
Theorem 2.10:
0, U (Cg O K,) is a root square mean graph.
Proof:
Let G =0, U (Cg O K,)
Let a;a, ...a, be the vertices of the theta in G.
13059
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Let b;b, ...bg be the vertices of cycle in G and let c;c, ...cg and d;d, ...dg be the
pendant vertices attached at b b, ... bg respectively.

Let V(G) = {a;a; ...aq, byby ...bg, ¢1C; .. cp,dydy ... dp }
E(G) ={ajaj41 /1 <i<a—-1}U{bbj,, /1 <i<B—-1}
Ufbic;/1<i<Blufbd;/1<i<Blu{cdi/1<i<p}
U{alas, asay, b3b1}

Define a function f: V(G) — {1,2,...,a + 4B + 1}

f(a;) = i for 1<i<5
f(a)) =i+1 for 6<i<a
f(by)) =a+4i—-1 for 1<i<p
f(c;) =a+4i—2 for 1<i<p
f(dj) =a+4i+1 for 1<i<p

Then the edge labels are distinct.
Hence f is a root square mean labeling of G.
Example 2.10.1:

The root square mean labeling of 6, U (C, O K;) is given below:

Ci di
9 12
3 “ Vi
@y 24 13
2 L 5
1
21 16
8 7 ‘.l
20 17
Figure 10

Theorem 2.11:

(84 © K;) U Cg is a root square mean graph.
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Proof:
Let G = (6, O K;) U Cg

Let a;a, ...a, be the vertices of the theta in G and let b;b, ...b, be the pendant
vertices attached at a, a, ... a, respectively.

Let c;c; ... cg be the vertices of cycle in G.
Let V(G) = {a;a; ...aq, byby..by, ciCy ...Cp}
E(G) ={ajaj;1 /1<i<a—-1}Uf{ab;/1<i<a}U{cciy1 /1 <i<B—-1}
U{a1a5, ayagy, chl}

Define a function f: V(G) — {1,2, ...,2a + B + 1}

f(a;) = 2i for 1<i<5
f(a;)) =2i+1 for 6<i<a

f(b;) =2i—1 for 1<i<5

f(b;) = 2i for 6<i<a

f(c;) =2a+i+1 for 1<i<p

Then the edge labels are distinct.
Hence f is a root square mean labeling of G.

Example 2.11.1:

The root square mean labeling of (67 ©) K_l) U Cg is given below:

5 7

ci

16
6 b; ¢l 8

I 10 17
3e 9 20
4 2
15 % 13
19 1o
14 12
Figure 11
13061

Vol. 71 No. 4 (2022)
http://philstat.org.


http://philstat.org.ph/

Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

Theorem 2.12:

(8, © K;) U (Cg O Ky) is a root square mean graph.
Proof:

LetG = (6, OK;) U (Cg OKy)

Let a;a, ...a, be the vertices of the theta in G and let b;b, ...b, be the pendant
vertices attached at a, a, ... a, respectively.

Let c;c; ...cg be the vertices of cycle in G and let d;d, ...dg be the pendant vertices
attached at c; c; ... cg respectively.

Let V(G) = {a;a; ...aq, byby..by, ¢iCy ...Cp, dydy ... dg}
E(G)={ajaj4; /1<i<a—-1}U{cciy, /1 <i<B-—-1}uUfab;/1<i<a}
Ufcgd; /1 <i<B}uU {alas, ayaq, chl}

Define a function f: V(G) — {1,2, ..., 2a + 2B + 1}

f(a;) = 2i for 1<i<5
f(a;)) =2i+1 for 6<i<a

f(b;) =2i—1 for 1<i<5

f(b;) = 2i for 6<i<a

f(c;) =2a+2i+1 for 1<i<p

f(d;)) =2a+2i+1 for 1<i<p

Then the edge labels are distinct.
Hence f is a root square mean labeling of G.

Example 2.12.1:

The root square mean labeling of (8; © K;) U (Cs © Ky) is given below:
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5 7 d;
16
6 8
b; o1
1 : )
3 e ® S 24
4 2
a; 13
15
22 o~
14 12
Figure 12

Theorem 2.13:

(8, © K;) U (Cg O K3) is a root square mean graph.
Proof:

Let G = (6, O K;) U (Cg OKy)

Let a;a, ...a, be the vertices of the theta in G and let b;b, ...b, be the pendant
vertices attached at a a, ... a, respectively.

Let cic, ... cg be the vertices of cycle Cg in G and let d;d, ...dg and did; ... dg be the
pendant vertices attached at c;c, ... cg respectively.

Let V(G) = {aja, ...ay, biby..bg, 1€y ...cpdidy ... dg, did) ... dp }
E(G)={aiai+1/1SiSa—l}U{ciCiH/lSiSB—l}U{aibi/lsiSa}
Ufcidi/1<i<Blu{cd]/1<i<B}U{ajas, a,a, cpcy}

Define a function f: V(G) — {1,2, ..., 2a + 3 + 1}

f(aj)) =2i+1 for 6<i<a
f(b;)) =2i—1 for 1<i<5
f(b;) = 2i for 6<i<a
f(c;) = 20 + 3i for 1<i<p
f(d;)) =2a+3i—1 for 1<i<p
f(d)) = 2a+3i+1 for 1<i<pB

Then the edge labels are distinct.
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Hence fis a root square mean labeling of G.
Example 2.13.1:
The root square mean labeling of (8, © K;) U (C, © K;) is given below:
5 7 d; d;
16 18
6 8
b,‘ 1
10 27 19
3 e I ® 9 /.
4 2
a; 13 25 / 21
15
14 12 24 22
Figure 13

Theorem 2.14:

(6, © K;) U (Cg O K3) is a root square mean graph.
Proof:

Let G = (6, O K;) U (Cg O Ks)

Let a;a, ...a, be the vertices of the theta in G and let b;b, ...b, be the pendant
vertices attached at a,a, ... a, respectively.

Let cic, ...cg be the vertices of cycle Cg in G and let cic;...cg, dqd,...dg and
d;d; ...dg be the pendant vertices attached at c,c, ... cg respectively.

Let V(G) = {a;a; ...aq, byby ... by, €1 €5 ... Cp, €1 Ch o Cp, Ay dy .. dg, did) ... dj }
E(G) ={aaj;1 /1 <i<a—-1}U{cciy, /1 <i<B-—-1}ufab;/1<i<a}
U{cdi /1<i<Blu{gdi/1<i<B}ufcc /1<i<p}
U {a;as, ayaq, cpey}

Define a function f: V(G) — {1,2, ..., 2a + 4B + 1}

f(aj)) =2i+1 for 6<i<a
f(b;) =2i—1 for 1<i<5
f(b;) = 2i for 6<i<a
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f(c;) =2a+4i—1 for 1<i<p
f(¢)) = 2a+4i—2 for 1<i<pB
f(d;) = 2a + 4i for 1<i<p
f(d)) = 2a+4i+1 for 1<i<p
Then the edge labels are distinct.
Hence f is a root square mean labeling of G.
Example 2.14.1:
The root square mean labeling of (8, © K;) U (C, © K3) is given below:
(_'," (1,' dl'
2 7 6 18 19
6 8
1
b, 31 S
10
3 e e 9 30 22
4 2
28
. 23
“ 13
15
27 26 24
14 12
Figure 14

Theorem 2.15:

(6, © K;) U (Cg O Ky) is a root square mean graph.
Proof:

Let G = (6, O K;) U (Cg OKy)

Let a;a, ...a, be the vertices of the theta in G and let b;b, ...b, be the pendant
vertices attached at a,a, ... a, respectively.

Let cic, ...cg be the vertices of cycle in G and let d;d, ...dg and did; ...dg be the
pendant vertices attached at c;c, ... cg respectively.

Let V(G) = {aja, ...aq, biby..bg, i€y ...cpdidy ...dg,did) ... dp }
E(G) ={ajaj41 /1 <i<a—-1}U{ccy; /1 <i<B-—-1}uUfab;/1<i<a}
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U {ajas, aaq cpoyl.
Define a function f: V(G) — {1,2, ..., 2a + 4B + 1}
f(a;) = 2i for 1<i<5
f(a;)) =2i+1 for 6<i<a
f(b;)) =2i—1 for 1<i<5
f(b;) = 2i for 6<i<a
f(c;)) =2a+4i—1 for 1<i<
f(d;) = 2o+ 4i—2 for 1<i<
f(d)) =2a+4i+1 for 1<i<p
Then the edge labels are distinct.
Hence f is a root square mean labeling of G.
Example 2.15.1:
The root square mean labeling of (97 ©) K_l) U (C4, ® K,) isgiven below:
5 7 d; d;
I = 16 19
6 v
b; 1
I 10 31 20
3 ' ®9
4 2
] I A
14 12 27 24
Figure 15
heorem 2.16:
04 U Lg is a root square mean graph.
Proof:
Let G = Oa V) LB
Let a;a, ...a, be the vertices of the theta in G.
Let byb,bs ... bg and c;c,c3 ... cg be the vertices of the ladder in G.
Let V(G) = {alaz ...aa, b1b2b3 ...bB, C1C2C3 ...CB}
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E(G)={alal+1/1SISa—l}U{blel/lSlSB—l}

Ufcicipr /1 <i<B—-1}U{bic;/1<i<B}u{aas aaq}
Define a function f: V(G) — {1,2, ..., a + 3B}
f(aj)) =i for 1<i<5

fla)) =i+1 for 6<i<a
f(by)) =a+i+2 for 1<i<2

f(b))=a+3i—2 for 3<i<P
f(c)) =a+4i—2 for 1<i<2
f(c;) = a+ 3ifor 3<i<B
Then the edge labels are distinct .
Hence f is a root square mean labeling of G.
Example 2.16.1:

The root square mean labeling of 6, U Ls is given below:

3 4 C;
n 9 13 16 19 22

[
- .
4

Figure 16
Theorem 2.17:
04 U Tg is a root square mean graph.
Proof:
LetG=0,UTg
Let a;a, ...a, be the vertices of the theta in G.

Let byb,bs ... bg and c;c,c5 ... cg be the vertices of the ladder in G.
Let V(G) = {alaz e dg, b1b2b3 bB, C1C,C3 CB}
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E(G)={alal+1/1SISa—l}U{blel/lSlSB—l}

Ufbic;/1<i<B—-1}U{cbi;1 /1 <i<B—-1}U{aas ayay}
Define a function f: V(G) — {1,2,...,a + 3 — 1}
f(aj)) =i for 1<i<5

fla)) =i+1 for 6<i<a
f(b)) =a+3i—1 for 1<i<p

f(c;) = a+ 3ifor 1<i<p-1
Then the edge labels are distinct.
Hence f is a root square mean labeling of G.
Example 2.17.1:

The root square mean labeling of 6, U T, is given below:

3 4
Ci
10 13 16
a;
2 . 5
1
9 12 15 18
h.
8 7 '
Figure 17

Theorem 2.18:
8« U Qg is a root square mean graph.
Proof:
Let G =0, U Qg
Let a;a, ...a, be the vertices of the theta in G.

Let byb,bs ... bg be the path Pg. Let Qg be the quadrilateral snake obtained from Pg by
joining b; and b;,; to two new vertices ¢; and d;, 1 < i < 3 — 1 respectively.

Let V(G) = {a;a; ...aq, bibybs..bg, ¢1¢yC5...cp, dydyds ... dp}
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E(G)={alal+1/1SISa—l}U{b1b1+1/1SlSB—l}
U{blcl/].SlSB—l}U{Cldl/lglgﬁ—l}U
{dibiy; /1 <i<B-—-1} U{ajas, azaq}

Define a function f: V(G) — {1,2, ...,a + 4 — 2}
f(a;)) =i for 1<i<5
fla)) =i+1 for 6<i<a
f(b;) =a+4i—2 for 1<i<p
f(c;) =a+4i—1 for 1<i<p-1
f(d;) = a + 4ifor 1<i<p-1
Then the edge labels are distinct.
Hence f is a root square mean labeling of G.
Example 2.18.1:

The root square mean labeling of 6, U Q, is given below:

3 4

10 1 14 15 18 19

Figure 18
Il  Conclusion

It is very interesting to find whether a graph admits root square mean labeling or not. We
present eighteen new results on root square mean labeling of theta related graphs. The
investigation about similar results for various graphs families is an open area of research.
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