Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

Characterization of Unit Group of the Unitary Group Algebra

Sivaranjani N U #, E.Nandakumar "

!Department of Mathematics, SRM Institute of Science and Technology, Kattankulathur —
603203, Tamil Nadu, India

“e-mail: nandal611@gmail.com

Avrticle Info Abstract

Page Number: 1934-1941 Let U(2,2) and U(2,3) denote the unitary group of 2 X 2 matrices over

Publication Issue: the finite field of order 4 and 9 respectively. In this paper, we determine

Vol. 72 No. 1 (2023) the structure of the unit group of the semi simple group algebra of
U(2,2) and U(2,3) respectively over an arbitrary field.

Avrticle History Keywords: Unitary group, Group algebra, Wedderburn decomposition,

Article Received: 15 November 2022  Unit group.
Revised: 24 December 2022
Accepted: 18 January 2023

Introduction

Let ¥, denotes the finite field of characteristic p, where p is a prime number. Let X,G
denotes the group algebra of the finite group G over X,. Let U (¥, G) be the group of units
of the group algebra X,G. It is a typical problem in group theory that regularly arises to
ascertain the unit group of the group algebra of the finite group. Combinatorial number
theory issues can also be resolved by the structure of the unit groups (See [14]). The structure
of unit groups in various group algebras has been recently investigated and characterized.

This has been motivated many scientists to investigate the explicit structure of the unit group
of K,G. The unit group of the group algebra over an abelian group have been discussed in
[13]. In [4, 5, 9, 12], many research have been done to determine the unit group U (¥, G) of
group algebra for non -abelian groups. For dihedral groups, [1, 3, 6, 7] addressed the structure
of the unit group U (¥,G) of the group algebra X,G. Also, R.K. Sharma discussed the

structure of the unit group of the group algebra of the special linear group in [10, 11].

The difficulty of solving the equation will grow as the size of the n increases. J.Z. Goncslves,
et al described the group algebras for the unitary units in [2] and Neha Makhijani et al
described the order of unitary subgroup of the modular group algebra K ,xD,y in [8]. In this
paper, we defined the unit group UK, (U(2,2)) and U %,(U(2,3)) for the unitary group
algebra K,U(2,2)and K,U(2,3) respectively over the finite field X, and the order of the
unitary group is not divisible by the characteristic p to make the unitary group algebra semi
simple and we provide a straightforward method for locating the n;s.

Additionally, we provide the detailed characterization of the group algebra *,U(2,2) and
K,U(2,3) intheorem 3.1 and 3.2. While part 3 contains the major outcome, section 2 deals
with the preliminary information.
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PRELIMINARIES

Definition 2.1. The unitary group U(n,X,) is the set of n X n unitary matrices over X,
which is defined as,

Un,K;) ={S € GL,(¥,2) such that S§* = §*S = I,}.

The order of the unitary group U(n, K;) is given by,

n

t(nz—n)/z 1—[ (ti _ (_1)i)_

=1

Definition 2.2. If p t |x|, where |x| denotes the order of x in G, then x € G is said to be the
p-regular element.

Let s be the least common multiple of order of all the p-regular elements in G. The primitive
st root of unity over K is represented by n. Therefore, (n) is the splitting field over X.
Now, define the set T; 4 = {t | a(n7) = n*, where ¢ € Gal(¥ (): K)}.

Definition 2.3. For any p -regular element a € G,y, = Ynec, h. the cyclotomic K -class of y,
is defined as,

SKWa) = {Var | t € Tonc}

Proposition 2.1. The number of non-isomorphic simple components of ](7;—66) IS same as

cyclotomic K -classes in G.

Proposition 2.2. Let G' be the commutator subgroup of G and G be a semi simple group
algebra then,

KG ~K (Gﬁ) DA (G,G").

Theorem 2.1. Assume that G has t cyclotomic K -classes and Gal(¥ (n):K) is a cyclic
group, then |S;| = [K;: K] with appropriate index ordering if S;,S,,--,S; are the cyclotomic

K -classes of G and K;, K>, -+, K; are the simple components of Z (JZ;C(;))

Main Result

In this section, let G; denotes U(2,2) and G, denotes U(2,3) and we define the structure of
unit group of the group algebra ¥, G, and X, G, for suitable prime number p, where q = p*.
By Maschke's theorem, for p > 3 the group algebra ¥, G; and ¥, G, are semi simple. Now,
we discuss the Wedderburn decomposition of ¥, G, and X, G, for p > 3.

Theorem 3.1. The Wedderburn decomposition of #,G,, where G, is the unitary group
defined above is given by,
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(i) 5,6, = (%,)° @ M(2,%,)’, when p¥ = 1mod 6
(i) .61 = (%,)" @ (K,2)° ®M(2,%,2) ® M(2,%,), when p* = 5 mod 6.

Proof. The order of the group G, is 18 and it has 9 conjugacy classes. The representatives,
size and the order of representatives are tabulated below,

Representative | & | & [ &3 [ & | & | S6 | $7 | €8 | S0

Size 12 3|23 |23 |11

Order 1 (3|6 |3 |6 |22 3|3
where,

6= 1) &=C 3 =1 o)

&= ) 6=Gy o) 6=( )

5= o)

Clearly, the exponent of G, is 6. Since K,G, is semi-simple, by Wedderburn decomposition
theorem,

E6=(x-(|)-1 iii)' E9=(x-(l)_1 x-(l)—l)

r
K, G, = @ M(n, 7).
i=1

In the above equation, X is a finite extension of X,. The derived subgroup of G, is C; and its
factor group G, /G, = C,. Since Te, 5%, = {1,5} mod 6, we proceed the proof in two cases.

Case(i): For p* = 1 mod 6 and by proposition 2.2,

3
K,6y = (%,)° @ M(n;, %)
i=1

The cardinality of cyclotomic K, -class of y; is 1, for all £ in G, (i.e., |S?Cq (y5)| =1,v¢ €
G, ). Using proposition 2.1 and theorem 2.1,

3
K,6y = (5,)° @ M(n;, %) = 12 = n? +n2 + n.
i=1

The values of n; = n, = nz = 2. Hence, the Wedderburn decomposition of X, G, is,

K,6, = (%,)° ®M(2,%,)".
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Case(ii): For p¥ = 5 mod 6 and by proposition 2.2,

3
2 2
Koo = (36,)" @ (3,2)" D) M, 0.
i=1
The cyclotomic X, -classes of y;, are,

SKq(ve,) = {ve,} SKq(ve,) = (ve,}, SKq(ve,) = {ve,}
SKq(ve,) = e, ves b SKa(ve,) = {ve, Ve SKa(ve,) = {veo veo )

Using proposition 2.1 and theorem2.1,
KoGy = (5,)" @ (K,2)" ®M(ny, K 2) ® M(ny, %,) = 12 = 2n2 + nd.
The values of n; = n, = 2. Hence, the Wedderburn decomposition of X, G, is,
Kqly = (%q)z D (%qz)z &) M(z'%qz) &) M(z'%q)-

Corollary 3.1. Notations as above, the unit group X, G, is,

Conditions on p¥ U(H,(U(2,2)))

p¥ = 1mod 6 (%) ® GL(2,%,)’

pk=5mod6 | (%;)° @ () ® GL(2.%,2)  GL(2,%,)

Theorem 3.2. The Wedderburn decomposition of X,G,, where G, is the unitary group
defined above, is given by,

(i) 7,6, = (%) ®M(2,%,)° ®M(3,%,)" ® M(4,%,)°, when p* = {1,5,13,17} mod
24,

(i) 6= (%) ®Ke ®M(2,%,) @M(2K,2) ®M(2K,2) ®M(3,%,) &
M(3,%K,2) @ M(4,%2), when p* = {7,11,19,23} mod 24.

Proof. The order of the group G, is 96 and it has 16 conjugacy classes. The representatives
(Rep), size and the order of representatives are tabulated below,

Rep | S| Sz | S5 | Sa|Ss|Se|S7|Ss| Sof St0| San| S12| 13| S1a| 15| S16
. 1 1
Size [ 1|8 |8 |, |6|6|6(8[8|, |6 |6 |6 1|1 |1
od by | s alalale|a|s |a|a]2|2]|4]|a
er 2 |2
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where
6=(0 1) 6= 250 6=011 5 ) 8= o)
‘ZZ:(? x+1) $6 = (Zx x+2) $10 = (x-(i)-Z 2x+1) $14 = (3 (2))
SZ~°’:((1) 2x+2) §7 = (x-(i)-l x+1) $11 = (Zix 2x+1) $15 = (x;gl x-(l)-l

$4= (zox 0) $e = (x-(l)-l x+1) $12 = (2-?-x 2x+1) $16 = (Zx(;LZ 2x0+2

Clearly, the exponent of G, is 24. Since X, G, is semi-simple, by Wedderburn decomposition
theorem,

.
5,6, = @ M(n, ).
i=1

Here, X is a finite extension of X,. Observe that the derived subgroup of the group G, is
SL(2,3) and the factor group G,/G; = C,. Since Tg, 5, = {1,5,7,11,13,17,19,23} mod 24,
we proceed the proof in 8 cases and consolidated them into two.

Case (1): For p* = {1,5,13,17} mod 24 and by proposition 2.2,

12
%oz = (%60)" € M, 50,
i=1
The cardinality of cyclotomic 3¢ -class of y¢ is 1, for all £ in G, (i.e., |SH,(ve)| = 1, V¢ €
G, ).
By proposition 2.1 and theorem 2.1,

12 12
K6y = (3,)" @ M(n;, %,) =92 = Z nf,n; = 2.
i=1

There are 2 possible choices for n/s,
(2,2,2,2,2,2,2,2,2,2,4,6) and (2,2,2,2,2,2,3,3,3,3,4,4).

To find it uniquely, take the normal subgroup N = C, of G, and the factor group G,/N =
Ay > C,and |G,/N| = 48.

= 44 =nf +n5 + -+ nl.

The values of n; 's are (2,2,3,3,3,3) and the Wedderburn decomposition is X, (G,/N) =
(?Cq)4 &) M(Z,?Cq)2 ] M(S,JCq)4. Therefore, the choices are reduced uniquely to

(2,2,2,2,2,2,3,3,3,3,4,4).

Hence, the Wedderburn decomposition is,
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K,G, = (%,)" ®M(2,%,)° ®M(3,%,)" ®M(4,%,)".

Case (2): For p* = {7,11,19,23} mod 24 and by proposition 2.2,

12
2
5oz = (36,)° @ (2) EP MG 5.
i=1
The cyclotomic X, classes of y;, are,

SHq(ve,) = {ve,} S (ve,) = {ve,}, SKq(ve,) = {veo ) K (ve,) = {ve,}
SKq(ve) = (Ve ) SKq(Ye,) = (e
SKq(ve,) = Ve ve, b SKq(ve,) = Ve Ve SKq (ve,) = {ves ven, b
SKq(ve,) = Veo Ver, b SKq(Vers) = (Verar Vero )

By proposition 2.1 and theorem 2.1,

2
HoGy = (Ky)” @ (5 ,2) Dy M(n;, K 2) Dfs M(n;, K,) =92 =31, 2n? +
>8 . nin; = 2.

To get it uniquely, repeat the process same as above and observe that the Wedderburn
decomposition of 7, (G,/N) = (%,)" @ K, ® M(2,%,)" ® M(3,%,)" @ M(3,%2).

Therefore, we get the unique n;s values of G,, (2,2,3,4,2,2,3,3). Hence, the Wedderburn
decomposition is,

KoGr = (1) @K ®M(2,5,) O M(2,%,2)" ®M(3,%,)" ®M(3,%,2)
D M(4,K 2).

Corollary 3.2. Notations as above, the unit group of X, G,

Conditions on p¥ U(H,(U(2.3)))

p* = {1,51317)mod24 | (%;)* @ 6L(2.%,)° @ GL(3,%,)" & GL(4,%,)’

(5;)" @ (2) ® 6L(2.%,)" @ 6L(2, K 2)°
p* = {7,11,19,23}mod24
@ GL(3,%;) @ GL(3,%,2) ® GL(4,% 2)
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