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Introduction

Iseki et al.[10 ] studied the concept of BCK-algebras in 1966 .As an extension of set theoretic
difference and propositional calculus, Iseki [9] introduced the notion of a BCl-algebra, which is
a generalization of the BCK-algebra. Since then, numerous mathematical papers have been
written investigating the algebraic properties of the BCK/BCl-algebras and their relationships
with other structures, including lattices and Boolean algebras. In particular, there is a great deal
of literature which has been produced on the theory of BCK/BCl-algebras. In particular, the
emphasis seems to have been put on the ideal theory of BCK/BCl-algebras. J. Neggers, S. S.
Ahn, and H. S. Kim [22] introduced a new notion, called Q-algebra, which is a generalization of
BCH/BCI/BCK-algebras and generalizes some theorems discussed in BCl-algebras. Fuzzy set
theory is the concept and technique that applies a form of mathematical precision to human
thought processes that in many ways are imprecise and ambiguous by the standards of classical
mathematics. Fuzzy sets, intuitionistic fuzzy sets, interval-valued fuzzy sets, bipolar fuzzy sets,
and other mathematical tools are often useful approaches to dealing with uncertainties. In 1956,
Zadeh [29] introduced the notion of fuzzy sets. At present, this concept has been applied to
many mathematical branches. In fuzzy set theory, there are several types of fuzzy set
extensions, such as intuitionistic fuzzy sets, interval valued fuzzy sets, vague sets, and so on. In
1991, Xi [25] applied the concept of fuzzy sets to BCI, BCK, and MV-algebras. The
intuitionistic fuzzy set theory is useful in various application areas, such as algebraic structures,
control systems, and various engineering fields. Many researchers have explored various
applications of intuitionistic fuzzy sets such as medical application, real life situations and
education . Recently, Lee [19] introduced an extension of fuzzy sets named bipolar-valued
fuzzy sets. Bipolar-valued fuzzy sets are an extension of fuzzy sets whose membership degree
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range is enlarged from the interval [0, 1] to [-1, 1]. Recently Jun et al. [15,16] introduced a new
function which is called negative-valued function, and constructed N-structures. They applied
N-structures to BCK/BCl-algebras, and discussed N-subalgebras and N-ideals in BCK/BCI-
algebras. Jun et al. [17, 18 ] established an extension of a bipolar-valued fuzzy set, which is
introduced by Lee [19]. They called it a crossing cubic structure, and investigated several
properties. They They applied crossing cubic structures to BCK/BCl-algebras, and studied
crossing cubic sub algebras. Yager [27,28] launched a nonstandard fuzzy set referred to as
Pythagorean fuzzy set which is the generalization of intuitionistic fuzzy sets. The construct of
Pythagorean fuzzy sets can be used to characterize uncertain information more sufficiently and
accurately than intuitionistic fuzzy set. [7] defined a new generalized Pythagorean fuzzy set is
called (3, 2)-Fuzzy sets. In 2020. Fermatean fuzzy sets proposed by Senapati and Yager [24],
can handle uncertain information more easily in the process of decision making. They also
defined basic operations over the Fermatean fuzzy sets. The main advantage of Fermatean fuzzy
sets is that it can describe more uncertainties than Pythagorean fuzzy sets, which can be applied
in many decision-making problems. The relevant research can be referred to [2], SR-Fuzzy
sets).Pythagorean fuzzy set is one of the successful extensions of the fuzzy set for handling
uncertainties in information. Under this environment, Salih et al, [23], introduce a new type of
generalized fuzzy sets is called CR-fuzzy sets and compare CR-fuzzy sets with Pythagorean
fuzzy sets and Fermatean fuzzy sets. The set operations, score function and accuracy function of
CR-fuzzy sets will study along with their several properties. Recently Jun et al [11 ] introduced
the concept of the (m; n)-fuzzy set which is the subclass of intuitionistic fuzzy set, Pythagorean
fuzzy set, (3; 2)-fuzzy set, Fermatean fuzzy set , n-Pythagorean fuzzy set and compared with
them. They introduced some operations for the (m; n)-fuzzy set, investigate their properties and
applied the (m; n)-fuzzy set to BCK-algebras and BCl-algebras. They introduced the (m; n)-
fuzzy subalgebra in BCK-algebras and BCl-algebras and investigate their properties. Ahn etal
[1] apply the concept of (2, 3)-fuzzy sets to BCK-algebras and BCl-algebas.,Ibrahim et al. [7
Jintroduced (3; 2)-fuzzy sets and applied it to topological spaces.

In this paper, we modify the ideas of Jun et al. [17,18] and Salih et al, [16], to introduce the
notion of crossing CR-fuzzy Q -ideals of a Q -algebra and investigate its properties.
Furthermore we study the homomorphic image and inverse image of crossing CR-fuzzy Q -
ideals of a Q -algebra under homomorphism of Q -algebras. Moreover, the Cartesian product of
crossing CR-fuzzy Q -ideals in Cartesian product Q-algebras is given. Finally, novel
correlation coefficient between two crossing CR-fuzzy sets are also studied.

2. Preliminaries

Definition 2.1 [9 ] Let X be a set with a binary operation “ * ” and a constant 0,then
(X #0) is called a BCI -algebra ,if it satisfies the following axioms:
(BCI-1)((x*y)*(x*z))*(z*y)=0

(BCI-2) (x*(x*y))*y=0

(BCI -3) x*xx=0

(BCl-4) x*y=0andy=*x=0 impliesx=y

forall x,y,ze X
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If a BCI -algebra X satisfies the identityO+x=0, for allxe X, then X is called a BCK
algebra. It is known that the class of BCK -algebras is a proper subclass of the class of
BCI -algebras.

Definition 2.2 [9 ] Let ( X *0)be a BCK — algebra , and let S be a non — empty subset of X ,
then S is called a sub - algebra of X | if for allx,yeS,x*xyeS,ieS isclosed under the

binary operation * of X .

Definition 2.3 [22 ] An algebraic system (X *0) of type (2, 0) is called a Q-algebra if it
satisfying the following axioms:

(1) x*xx=0,

(2) xx0=x,

(3) (x*xy)xz=(x*xz)*y forall x,yandze X .
For brevity we also call X a Q-algebra. In X we can define a binary relation < by
x<y ifandonly ifx*y=0.

Example 2.4.[22] Let X = {0, 1, 2 } in which* is defined by the following table:
Table (1)
01

Nl O| %
OIN|FLIDN

012
110
211

Then (X;*,0) is a Q-algebra.
Theorem 2.5[22 ].Every BCK-algebra is a Q-algebra , but the converse is not true
Example 2.6[ 22].Let X={0,1,2,3}and the binary operation ’+” on X is defined as

follows.
Table (2)

WIN[FP| O
WIN|FP|O| O
wW|lo|o|of|
WlOoO|o|o| N
O|OoO|Oo|Oo|w

Clearly (X,*,0) is a Q-algebra but it is not BCK-algebra.

Proposition 2.7 [22]. If (X;*,0)is a Q-algebra, then
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4) (x*x(xxy))*xy=0 forany x,ye X.
The following theorems give relations between Q-algebras and the different algebras
(BCK / BCI/ BCH-algebras)
Theorem 2.8 [22]. Every BCH-algebra X is a Q-algebra. Every Q-algebra X satisfying the
condition (4) is a BCH-algebra.
Theorem 2.9[22]. Every Q-algebra satisfying the condition (BCI -4) and ((BCI -1)),
is a BCl-algebra.
Theorem 2.10. [22]. Every Q-algebra X satisfying the condition ((BCI -1)), (BCI -4) and
(6) (x*y)*x=0
for any X,y € X , is a BCK-algebra.
Remark 2.11.[22 ] Every QS-algebra X is a Q-algebra. Every Q-algebra X satisfying the
condition
(5) (x*y)*(x*z)=z*y
for any x,y e X , is QS-algebra.
Definition 2.12 [10]. A non empty subset | of a BCK-algebra X is called an ideal of X if it
satisfies
(|1) Oel )
(I2) xel and y *x el impliesyel for all x,y eX.
Definition 2.13. [ 21 ] A non empty subset | of a Q-algebra X is called a Q-ideal of X if

Q) Oel,
(Q2) (x*y)*zeland yel imply x*zel forall x,yandze X .

Definition 2.14[29 ]. Let X be non-empty set, a fuzzy set p in X is a function
pm:X—[0,1].
Definition 2.15. [25] Let X be a BCK-algebra. a fuzzy set x in X is called a fuzzy BCK-ideal
of X if it satisfies:
(Fl1) 1(0) = u(x),
(FI2) p(x) > min{u(x*y),u(y)}, forall x,yandze X .
Definition 2.16[21 ]. Let X be a Q-algebra. A fuzzy set x in X is called a fuzzy Q-ideal of X if
it satisfies:
(Fl1) 1(0) = u(x),
(FQ) u(x*z)=min{u((x*y)=*z),u(y)} forall x,yandze X .
Lemma 2.17.[21 ] Any fuzzy Q-ideal of Q-algebra is a fuzzy BCK-ideal of X.
Remark 2.18:Let x,: X —[0]1] and 4,: X — [0,1] be fuzzy sets in a set X. The structure
A={(X, £, (X),A(x)) | x € X}, is called
(1) an intuitionistic fuzzy set in X (See [ 3]), if it satisfies: 0< g, (X) + 4,(X) <1
(2) an a Pythgorean fuzzy set in X (See [27]), if it satisfies :0 < zi(x)+ A4 (x) <1
3) an a n- Pythgorean fuzzy set in X (See [ 4]), if it satisfies: 0 < g (x)+A3(x)<1
(4) an a Fermatean fuzzy set in X (See [ 24]), if it satisfies: 0< 3 (x)+ A4 (x)<1
(5) (3; 2)- fuzzy set in X (See [1,7]), if it satisfies :0 < g3 (x)+ AA(x)<1
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6) (n; m)- fuzzy set in X (See [11]), if it satisfies : 0 < g, (x)+ Ax(x) <1
SR-Fuzzy set fuzzy set in X (See [2]), if it satisfies: 0 < z5(X)++/A,(Xx) <1
CR-FS - fuzzy set in X (See [23]), if it satisfies: 0 < z3(x)+3/2,(x) <1

Definition 2.19. [ 15,16 ] Let X be a non-empty set. A function from X — [-1,0] is called a
negative-valued function (N-function) from X to [-1,0]. Denote by F(X, [-1, 0]) the collection
of functions from a set X to [-1, 0]. We say that, an element of F(X, [-1, 0]) is a negative-valued
function from X to [-1, 0] ( briefly , N-function on X). By an N-structure we mean an ordered

pair (X, z, ), where 2'2' is an N-function on X.
Let the set of all N-function on X denoted by M~( X ).

Definition 2.20 ([15,16]). Let X be a nonempty set and let A,Be M~( X).
(i) We say that the N-function A=(x,x, ) on X is subset of the N-function B=(X,x ),
denoted by Ac B, if foreach xe X , u) (X)> 1 (X).
(ii) The complement of N-function A=(x,x" ), denoted by A® =(x,(x" )°) is a N-function
in X defined as: for each xe X, A°(x)=(x,(u")°(x))=(x~1-x"(x))
e, (u"(x)®=-1-u"(x)
(iii) The intersection of two N-functions A= (X, ) and B=(X,x) ), denoted by ANB,
is a N-function in X defined as: for each xe X,

(ANB)(x) ={(uh )V 1 (X))
(iv) The union of two N-functions A=(x,u, ) and B=(x,z ), denoted by AUB, is a N-
function in X defined as: for each xe X,

(AUB)(X) ={( ) (X) A 2 (X))}
Crossing CR-fuzzy Q - (sub-algebra) ideal on Q - algebras

In this section, we list some concepts related to crossing CR -fuzzy sets .

Definition3.1 Definition 3.1. Let X be a nonempty set. By a crossing CR -fuzzy set in X
we mean a structure A={(X,,(X),2,(X),vx (X))| x € X },, where the function z,: X —[01]
and1,: X —[01]denote the degree of membership and degree of non membership,
respectively such that 0 Syi(x)#\/TA(x)s 1 and v, : X - [-10] is N-function on X, such
that —1<(v, )*(x)<0 forallx e X

The Set of crossing- CR -fuzzy set over X is denoted by A( X ),B( X),...

Example3.2

Define A={(X,1,(X),A,(X),v} )| x € X },as follows:

A(0)={0.5,0.3,0.6} ,A(a)={0.4,0.3,-0.5} , A(b)={(0.3,0.2,-0.4)}, A(c) ={0.2,0.1,-0.3}

It is easy to check that A={(X,z,(X),A,(X),vA (X)) x € X }, is crossing CR - fuzzy set
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Definition3.3. Let A={(X,z,(X),2,(X),vX(X))|xe X }, and
B ={(X,1t5(X),A5(x),v3 )| x e X }, be two crossing CR - fuzzy sets of X, then we say:
1.Ac B ifand only if

(1) 8(x) < 18 (x).3 2 (x) <326 (x) and (VY )*(x) = (v} ()

Example3.4. Define A={0.2,0.1,-0.1}anB ={0.3,0.2,-0.2 } ,since
15(0.2)=0.008< £2(0.3)=0.027,and
3/1,(0.1)=0.464158883612779< 3/, (0.2) = 0.5848035476125732
(v ) =(-0.1)* =-0.001> (v} )* =(-0.2)* =-0.008 then AcB.

2. A=B ifandonly if 23(x)=2(x).3Au(x)=345(x) and(v} ) =(v} ) .

Definition 3.5. Let X =®dbe Q- algebras , then a crossing - CR - fuzzy set
A={(X,2,(X),A,(X), vy (X)) xe X },over a setX is called crossing CR —fuzzy Q-sub
algebras if the following are holed

(S1) g (x*2)=min{u? ()43 (2)} s 2, (x*2) <max{32,(x).3/4,(2)} and

(S2)  (va (x=z)<max{(vy )’(x),(vy )(z)}where u (x),4,(x): X —[01]such that
Ogyi(x)+3\//17(x)£1, and v, : X ->[-10] suchthat—1<(v, )’ <0.

Definition 3.6. Let X = ® be Q- algebras, then the crossing - CR — fuzzy set

A={(X,2,(X),A,(X),vA(X))| xe X },over a set X is called crossing - CR —fuzzy BCK-ideal
if the following are holed

(Chek0) 42(0)= 13(x),3/ A, (0) <32, (x)and (VY )*(0) < (v )*(x)

(Cbek1) z3(x)=ming S (x y),13(y )3 2a (x) < maxd3f2, (x )32, (v)} and

(Cbck2) (vx Y(x)<max{(vy )’(x=y)(va )’(y)} where u (x),4,(x): X —[01]such that
OSyi(x)+3\/TA(x)£1,and va i X = [-10] suchthat—1<(v} )*<0.

Definition 3.7. Let X # ® be Q- algebras , then the crossing - CR — fuzzy set
A={(X,2£,(X),A,(X),vr(X))| x € X },over a set X is called crossing - CR —fuzzy Q — ideal if

the following are holed

(CQO) #3(0)> #3(x),3/2,(0) <3[4, (x)and (v (0) (v} V(%)

(CQL) w(x*2)=min{ sl (x*y)*2) (YN} + Y 2a(x*2)<max{3/2, (x*y)*2)3/2,(y)rand

(CQ2) (vp Y(xxz)<max{(va )’((x*y)*z),(va )(y)}where u (x),2,(x): X —[01]such

that 0 < 2% (x)+3/2,(x)<1,and v : X —[-10] such that—1< (v} )’ <0.
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Example 3.8. Let X ={0.1,2,3}be a set with a binary operation* defined by the following
Table (3) :
Table (3)
We can prove that (X ,*,0) is a Q-algebra .
Define A={(X,z,(X),2,(X),v} )| x € X },as follows:
A(0)={04,0.1,-0.4} ,A(1)={0.3,0.2,0.3}
A(2)={0.2,0.1,-0.2}, A(3)={0.1,0.1,-0.1}
It is easy to check that A ={( X, z,(X),A.(X),vx )| x€ X }, is crossing - CR — fuzzy Q-ideal on
Q- algebra.

Lemma 3.9.1f A={(x,z,(Xx),A,(X),vA(X))|xe X}, is crossing - CR — fuzzy Q-sub-algebra

on Q- algebra X, then yf\(O)ny\(x),i/TA(O)gi/TA(x)and (vi ) (0)<(vy (%)
Proof. In( Definition 3.5) putz =x,
From ((S1)): p(x % x) = 23(0)= min{ 13 (%), 3 (x )} = 43(x),

2 (x%x) =32, (0) < max{3/ 2, (X)), ()} =32, (x) and
From (S2): (v} Y*(x*x)=(v Y*(0) <max{(v} ¥ (x).(v} Y (x)}=(v Y(x).

Theorem 3.10 In BCK- algebra , every crossing - CR —fuzzy BCK-ideal of X is crossing - CR
— fuzzy Q- ideal of X.

Proof. Let A={(X,z,(X),A,(X),v}(X))|x € X },be crossing - CR — fuzzy BCK-ideal of X and
X,¥,ze X . Then g (x)>min{z(x*y),u(y)}....(1) , put x*z instate of x , we have

Definition2.3(3)
pa(x*xz)Zmin{up(x*+2)*y ), a(y k= min{zz((x*y)#z),u2(y )}, i€
pa(x*2)2min{ua((x*y)*2), 1a(y )}

Similar, we can prove that i/ﬂj(x*z)gmax{i/TA((x*y)*z),i/ﬂTA(y)} and

(va Y(xxz)<max{(vy Y'((x*y)*z),(va )’(y)}, then
A={(X,1,(X),A,(X),v} (X))| x € X },is crossing - CR — fuzzy Q- ideal of X.

Theorem 3.11 In Q -algebra X, every crossing - CR — fuzzy BCK-ideal of X is crossing - CR —
fuzzy sub- algebra of X.

Proof. Let A={(X,z,(X),A,(X),vA(X))|x€ X}, be crossing - CR — fuzzy BCK-ideal of X.
Then

0 by Theorem 2.10 Oby Theorem 2.10
— —
3 (xxy)x )= p3(0)= (X)L 320 ((xry)*x ) =32,(0) <3/2,(x) and
0by Theorem 2.10
(va Y (Ocey)=x )= (v Y(0)< (v )’(x)
Thus,
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p3(xry )= min{ (XY )* %), 430} = 43(X) = mind 13(x), 13(y )},

20 (xxy) <max{3fa, (xx y)#x),3 2, (30} =32, (x) < max{3/2, (%),3/ 2, (y )} -and

(v P (xey) < max{(v P ((x y )+ x), (v P00 = (v () < max{(vy F(x)(vi (¥}
foreall x,ye X .4

Theorem 3.12. If  A={(X,1,(X),2,(X),vx (X))| x € X },is crossing - CR — fuzzy Q-ideal of X,

then the set X ={(x,13(x) = #3(0).3/ 2, (x) =324, (0).(v} P(x)=(v} }'(0)xe X }isa Q-
ideal of X.

Proof. Let (x*y)*z,y e X .Then

(o y)r2) = 13(0) = 3(y), A (xxy)*2)=32,(0)=32,(y),

and (vy P’((xxy)*z)=(vy )’(0)=(v, )’(y)so.
pa(xxz)zmin{ua((x*y)*2), 45y )} =min{;(0),12(0)} = u2(0) ,

32 (e 2) < max{3f 2, ((x )+ 2).3/ 2, (¥ = max{3/2,(0).3/2, (0)} =3/, (0)and

(va Y(xxz)<max{(vy V((x=y)=*z),(vy Y’(y)}=max{(v, )*(0),(vx P(0)}=(v, )*(0)
Combining this with conditions of definition 3.7. yi(O)Zyi(x),i/TA(O)si/TA(x)and
(va Y(0)<(vy Y’(x)we get

12(x%2) = 12(0),3 A, (x*2)=3/2,(0) and(v} Y*(x*z)=(v})*(0), that is xxzeX.
Hence X isa Q -ideal of X.

Lemma 3.13. Let A={(X,z,(X),A,(X),v} (X))| x € X },be crossing - CR — fuzzy Q-ideal of X.

If x<yin X, then, #3(x)>2(y), Y2 () <34 (), (Vi F(X) (VR F(y) Sfor
allx,ye X .
Proof. Let x,y € X be suchthatx <y, then x*y=0. From (Definition3.7)putz=0
We have g3 (xx0) = g3 (x) 2 min{ g3 ((x*y ), gra(y )} =min{z22(0), sa (¥ )} = 12(y)
Similar, we can prove that

20 (x%0) =32, (x) < max{i/ 2, (x* ¥) 32, (v )} =max{3/2, (0).3/ 2, (¥} =3/24 (¥)

(va Y(x*0)=(vy Y(x)<max{(vy P’ (x*y).(vx )’(y)}=max{(vy )*(0).(vy V(¥ }=(vi y’(y)

Lemma 3.14 Let A={(X,z,(X),2,(X),v} (X))| x € X },be crossing - CR — fuzzy Q-ideal of X,
if the inequality x = y < z hold in X, then

w200 = minfl ()29} 3 () < maxg(2,(2)3/2,(y) ] and
(v () <max{(v) P(2) (vl P ()}
Proof. Letx, y,z € X be such that x*y < z. Then by (Lemma 3. 13),we have z3(x*y)> 13(2)

Thus, put z =0 in (definition 3.7.) and using lemma 3.13,then we get
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Ha(x%0) = g5 (x) Zmin{ gz ((x*y)*0), 5 (y )} =

since (x*y )<z=>u3( x*y )13 (z )by Lemma 3.13
s

min{ za((x*y)), 2 (y )} = min{ z3( z ), 1,(y )}
Hence, we have z(x)> min{,uf\( ), 1s( y)}. Similar, we can prove that

3\//TA(X)S max{i//TA(z),i//TA(y)}, (vi P(x)< max{(v,? ¥ (2),(vy )( y)} .This completes the

proof.

Proposition 4.17. Let (M, )._, ={(X1ﬂmi(x)'/1Mi(X)'Vu,(X)| xe X } be a family of crossing —
fuzzy CR —Q-ideal of X, then M, is crossing - CR — fuzzy Q-ideals of a Q-algebra X.

ieA
Proof. Let (M,),., be a family of crossing - CR- fuzzy Q -ideals of a Q-algebras, then for
any x,y,z e X, we get

(N, J0)=inf( ey, (0)) Zinf( ey, (X)) =(N ey, N(X)

(UG . X(0) = SUP(R[ 2 Y, (0)) < SUP(E A0 I (X)) = (U320 I J(X),

(U(va Y I, 20)=sup(((va )’ W, (0)) <sup(((va )y, (X)) =(Uva )’ I )(X),
Now

(Nud, Yx*z)=inf(ud, (x*2)) = inf{min{us, (x*y)*2),41d (y)}} =

mindinf{u, (x*y)*2))int{d, (YOI} =ming(Nd, N(x*xy)*2), (N, J(YI

and

(UG 20 YOx%2) = SUP(G A, (x5 2)) < supfmaxd{ @l h, (X ¥)*2), (32 (V)1 =
max{sup{&/Z, Ju, (x*y)*2),SUP{G/2 D, (¥ I} = Maxg(U(3/ 2, d, YOxxy )% 2), (UG 20 D XY
(U Jxx2) = sup((v2 )° D, (x 2)) < supfmax{( v ) o, (X y)# 2), (VY V), (YD1} =
max{sup{((vy )° lu, ((x* y)*2),sup{((v) )* (Y13} =

max{(U((v2 ) o NOxxy )% 2),(UCVY 3 XY )1

Hence iﬂAM‘ is crossing - CR —fuzzy Q -ideals of a Q -algebra X .This completes the proof.

4.Image (Pre-image) crossing -CR — fuzzy Q- ideal under homomorphism of Q -algebras

Definition 4.1 Let (X,x,0)and (Y,*',0")be Q-algebras. A mapping f : X — Y is said to be a
homomorphism if f(x*y)= f(x)*" f(y)forallx,ye X .

Definition 4.2. Let X and Y be two Q-algebras, pu a fuzzy subset of X, £ a fuzzy subset of Y
and f : X — Y a Q-homomorphism.
The image of 2 under f denoted by f (x) is a fuzzy set of Y defined by

if f
f(u)(y){xff“f?y): T

otherwise

The pre-image of £ under f denoted f ™(5)is a fuzzy set of X defined by: For all
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xe X, T H(B)(x) = (T (x).

Let f:X —Y be a homomorphism of Q-algebras for any crossing - CR — fuzzy Q-ideals
A={(X,1,(X),A,(X),vi (X)) xe X}, in Y, we define new crossing -CR — fuzzy Q- ideals
AT ={(X,(2, (X)) (A, (X)) " (VN (x))" | x e X },in X defined by

(50" = 13(F OO 20 (M =2 (FONN P =(v P(f(x)) forall xe X .

Theorem 4.3 Let f : X —> Y be a homomorphism of Q-algebras. If
A={(X,2£,(X),A,(X),vr (X))]| X € X },is crossing -CR — fuzzy Q- ideal of Y, then

A" ={(X,( (X)) (A (X)) (vR (X)) | x e X }, is crossing -CR — fuzzy Q- ideal of X.

Proof. Notes that:

(1) (ua(x)" = pa(F(x)) < pa(£(0))=((0))’

(pa(xx2))" = pp(F (e 2)) > min{ g ((F(x)* F(y)* £(2)), al F(y )}

=min{zu( f(xxy )= f(2)a(FOy N =min{za(F(x*y)*z),u3( f(y))}

=min{(u((x*y)*z))" ,(ua(y)'}:

2) (20N =32 (FON) 2 Y2, (£(0) =(3/2,(0))

(32 Ocx )" =320 (FOcr2) < max3 2, ((FOO* F(y ) * £ (2)). 42 (F(y )}

= max{3/ 2, (F(xxy)* F(20).3/A(F(y D} =maxd3/2, (F(xxy)*2). 32, (F(y )}

= max{(3/2,(x*y)*2) (4. (y)' }.

3) (va YO =(va PCF(x)= (v P(F0)=((va )’(0))

((va Y (xxz)" =y Y(f(xxz))<max{(vy Y((FO)* fFCy D= f(z).(va P(F(yN}

=max{(vy )’(FOcey )= f(z2)),(va Y (F(yDy=max{(vy P (F((xxy)*2)) (v P(F(y)}

=max{((vy P(x*y)*z))" . (vA P(y)'}

Hence A" ={(x,(z,(x))" (A.(x))" (v (x))"|xe X}, is crossing - CR- fuzzy Q- ideal of X.

Theorem4.4 Let f : X — Y Dbe an epimorphism of Q-algebras .
If A" ={(X,(a (X)) (A(X)" (VN (x))" | xe X}, is crossing - CR — fuzzy ideal of X , then
A={(X,2£,(X),A,(X),vy (X))| X € X },is crossing CR — fuzzy Q- ideal of Y.

Proof.
(1) ForanyaeY , there exists x € X such that f (x) =a. Then

pa(@)= pa(F(x))=(ua(x)" <(#2(0))" = w2 ((0))=(u(0))",
Leta,b,ceY.Then f(x)=a, f(y)=Db, f(z)=c, forsome x,y,z e X . It follows that
pa(arc) = (F(x)* f(2)=(pa(x*2))" 2min{(za(x*y)*z)",(ua(y)'}
=min{za( F(Oxy)*2), g FCyr=min{gn(F(xxy )= F(2)), ua( Ty}
=min{zx((FOx)* F(y))* F(2)), a( F(y )} =min{z((axb)*c)), 4a(b)},
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(2) ForanyaeY , there exists x € X such that f (x) =a. Then

320 (2) =32 (F)) =32 ) 232, (0) =324, (£(0))=(3/2,(0)),

Leta,b,ceY.Then f(x)=a, f(y)=b, f(z)=c, forsome x,y,z € X . It follows that

3 a(axc) =32, (FOO* £(2) = (3 A (x*2))" <max{@[ A (x*y)*2)) (32 (y) }==
maxg3/ A, (F((xxy)*2),3 2 (F(y )} =maxgifa, (FOxcxy)* F(2)). 32 (F(y))}

— maxq3/2, ((FO)* F(y ) * F(2)), 32, (F(y )} = maxg3/A, (ab)*c)),3 A, (b)}
(3) ForanyaeY , there exists x e X such that f (x) =a. Then

(va Y(@)=(va YCFO) =((va (X)) 2((va (0D =(va P(F(O)=(va )(0)",
Leta,b,ceY.Then f(x)=a, f(y)=b, f(z)=c, forsome x,y,z € X . It follows that

(va Y(axc)=(vy P(F(x)*f(2))=((va V(x*2))" <max{((va V'((x*y)*z)".((va Y'(y)' }==
max{(vx )’( F((xxy)*z),(va V(F(yl=max{(vy V'(fOcxy)* f(z).(va (YN}
=max{(vy P ((FOx)* FCy )= F(2))(va P(F(yN} =max{(vy )’((a*b)=c)),(vy )’(b)}
hence A={(X,u,(X),2,(X),vx(X))| X e X },is crossing -CR — fuzzy Q- ideal of Y. This
completes the proof.

5. Product of crossing - CR — fuzzy Q- ideals
Definition 5.1 Let A ={(X,z,(X),A,(X),v (X))|x e X },and

B ={(X,15(X),25(X),vg (X))| xe X }, be two crossing - CR — fuzzy sets of X, the Cartesian
product AxB={X x X,z x 3 ,?{/in/ﬂ:,(v;‘ Y’ x(vp )} is defined by

(33 )00, y) = mindasl (), 1Y)

(320 x4 Xx,y) = max2, (0.3 ()],

(A P x(vd )06y ) =maxi(vh P(x),(v Y(y)} forallx,y e X .

Remark 5.2 Let X and Y be Q-algebras, we define* on X xY by: For every
(X%, ¥),(u,v) € X xY ,(X,y)*(u,v) = (x*u, y=Vv). Clearly (X xY;*(0,0)) Q-algebra.

Proposition 5.3. Let A={(X,z,(X),A,(X),va(X))|x € X },and
B ={(X,15(X),25(X),vg (x))| x e X }, be two crossing - CR —fuzzy Q- ideals of X, then AxB

is crossing - CR —fuzzy Q- ideal of X x X .
Proof.

(223 x 12 )(0.0) = min{ z2(0), z2(0)} = ming 23(x), si2(y )} =l x 12 Y(X,Y)
(32 %325 )(00) = max{ 3/2,(0),3/ % (0)} < max{3/2, (x)3/ % (Y )3} =
(i/ﬂTAXi//TB)(X,y)
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(VN P (v )°)(00) = max{ (v2 P(0),(v )*(0)} < max{(vX P(x),(vd Py} =
— (v P (v )% Y)
forall x,y e X . Now let (x;,X,),(Y;,¥,),(z;,2,) € X x X, then
min{(ee % 2 )Xo %o )= (Y Yo D) (20,2 D (e x 2 ) ¥ )}
:min{(ﬂf\xﬂg )( X *Y, X *Y, )*(lezz ))1(ﬂixﬂg X Y, Y2 )}
:min{(ﬂf\xﬂg )(( X *VY, )*21’( X *Y, )* Z, )a(ﬂf\xﬂg )( Vi, Yo )}
=mingming (X, * Y, )* 2, ), 430X, * ¥, )+ 2, Db min{ 2(y, ), 120, )1
= min{min{;uf\(( X *Y; )* Z )nuf\( Y. )}'min{ﬂg(( X, *Y, )* Z, )uug,( Y, )}
= min{min{ﬂi(( X *Y, )* Z )uui( Y1 )}rmin{ﬂg(( X, *Y, )* Z, )uug( 2 )}
< min{ﬂi( X *Z; )lﬂg(xz * 22)=(,ui><,ug X X *¥2,,X, %2, ).
2) max{(3/ 2, ¥ 32 (X% )= (Y Yo D #( 20,25 )3 An %3 X( Y2 Yo D}
= max{(3 A %32 NOX* V1.% ¥, ) (24,2, )o(3 A0 ¥ 26 )(¥2,¥2 )}
= max{(3/ 2, 3 2 WX * V1) * 20,(% * Y5 )2, ), (3 20 %325 )Y, s )}
=max{max{3/ A, (% *¥:)* 2,325 (% * ¥, )* 2, Jhmax{3/ 4, (¥, ). /2 (¥, )1}
= maxgmax{i/ 4, (% * ¥, )* 2 )3/ 2 (Y2 D maxd3f g (% * ¥ )% 2, )3/ % (¥, )}

> max{3/ 2, (%, *2, 142 (% *2,) =((3 2 32 X * 21,5, % 2,)
ymax{((va Y x(vg I (X% ) * (Y1, Y, N * (23,2, )i ((va Y x (v ) W( Y1, Y, N}

=max{((va )’ x(va Y N(X %Y1, % Y, ) %( 2,2, )((va ) x(vg )P )10 Y, )}
=max{((vy )’ x(vg P (X * Y1) * 23, ( X %Y, )% 2, ), ((va ) x(ve ) )(¥1,Y, )}

=max{max{(vy )((x, *y,)*2,),(vg ) (% *Y,)* 2, Jhmax{(vg )’ (y, ).(va )’(¥,)}}
=max{max{(vy )*((x, *y,)*z, ), (va (v, Jhmax{((va (% *Y,)*Z,).(vg )’(¥,)}
>max{(vy )*(x, %z, ), (va (X%, %2,)=((v} P*x(vg )’ )( X, *2,,X,%2,). This completes the

proof.

6.Correlation coefficient for crossing CR — fuzzy sets

Correlation plays an important role in statistics , engineering sciences and so on
see [5, 6, 26 ].In this section, we propose some correlation coefficients for any two

crossing - CR — fuzzy sets.
Let A={(X,zy(X),2,(X), v (X)) xe X }and B={(X,z5(X),As(X),vg (X))|x € X }, be two
crossing - CR — fuzzy sets of X sets in the universe of discourse X = {X,,X, ,.....X, } .
We define the following expression:
OInformational crossing - CR — fuzzy energies of A in the universe of the discourse
X ={X,,X, ..., } is defined by : for every x, e X

Eossing-cr-fay (A) = D (A0 + (R 2, O + (V2 )
OInformational crossing - CR — fuzzy energies of B in the universe of the discourse
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X ={X,, %, ,....X, } is defined by : for every x, e X

Eossing-cr-fay ( B) = D (4306 ) + (32 O )7 +(v )Y
0The correlation between two crossing - CR — fuzzy sets A and B of X is defined by : for
every X eX

Ccrossing—CR— fuzzy sets ( A7B) =Z:(Il'li( Xi )X:ug(xi ))+(§/7A( Xi )X%/Z( Xi ))+(V2‘ )3 X(Vé\‘ )3

Definition 8 Let A={(X,z,(X),A,(X),va (X))|x € X },and
B ={(X,15(X),A5(X),vg (x))| x e X }, be two crossing - CR — fuzzy sets on X.

The correlation coefficient of A and B is defined as

Ccrossing - CR- fuzzy sets ( A' B ) _
\/Ecrossing- CR- fuzzy ( A)'Ecrossing» CR- fuzzy ( B)

D00 % 22 (04 )+ () %3 2 (3 )+ (VR ) < (v )
U000 + G 0P+ P Y o S0 + (2 (% ) ()Y

x(AB)=

On the other hand, by using idea of Xu et al[26 ]. we can suggeste an alternative form of the
correlation coefficient between two crossing - CR — fuzzy sets A and B as follows

SR )% 13 00) + (320 (6% 32 (6 ) + (VN ) x (v )
max{y Y0206 )+ (A0 00 ) + (V) YV o 0 CR00 ) + (7 (6 ) + (v ¥ )P}
It is obvious that the correlation of crossing - CR- fuzzy sets of X satisfies the following
properties:

Ccrossing— CR- fuzzy sets ( A! A) = Ccrossing— CR- fuzzy sets ( A)
C (AB)=C (B,A)

x(AB)=

crossing- CR- fuzzy sets crossing- CR- fuzzy sets

Theorem 3.1. For any two crossing - CR —fuzzy sets

A={(X, 1 (X) A (X) v (XD xe X hand B ={(X,u5(x),45(X),vg (X)) xe X}, in the
universe of discourse X ={x,,X,,....X,} the correlation coefficient of A and B satisfies the
following conditions:

1- «(A,B)=«(B,A)

2- 0<x(A,B)<1

3-A=B=«(AB)=1

Proof . 1)- It is straightforward.

The inequality x(B,A)>0is evident. We will prove x(A,B)<1
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Conossing-cre fumysas (AB) = 2o (20% )% 42 (% N+ (320 (% )% 2 (X N+ (VY PP x (v ) =
15, (% )% 1 (%) 320 (3)%3 26 (3 (VN POOX VP X)+ +

pn (X, )% (X2 ) 43[4 (X, )x3/ 28 (X )+(va P(x)x(ve Y(%,)
By Cauchy—Schwarz inequality
(XY X Yo o XY Y SO+ + e+ X2 ) O (Yo + Yo+t Y2)

X, + X+t X, €R"aNd y, +Y, +....+ Y, € R" ,we get

(Corossing- - ramyivets (AB)? <Lt (3 )% 5 (%) + (32 (%) x(3[2 (%)* +
(VR PO )X (Ve (X )t 15 (%)% 5 (%) +

(320 O D7 %32 (6 D2+ (VR P (X)X (v (%, ) =

(il () + (32 (N2 (VN P OO X D00 )+ (32 (X ) + (8 (%) =
E osing -y ( A)X Exrging . uzy (B)
Therefore (C (AB)*<E
Hence, we obtain the property 0 < x(A,B)<1.

As A =B this implies that z,(X)= g (X),A,(X)=Az(x)and v} (x)=v)(x),Vxe X.
Thus x(A,B)=1.

crossing-CR- fuzzyideals crossing -CR - fuzzy ( A) x Ecrossing—CR— fuzzy ( B )

Example 4.6. Let X ={0,1,2,3}be a set with a binary operation* defined by the table (1) of
example 3.8 ,then (X *0) is a Q-algebra .

Define  A={(X,2,(X),A,(X),va (X)) | xe X }and B ={(X,z5(X),A5(X),v§ (X)) x e X },as
follows:

£,(0)=0.4,41,(1)=0.3,11,(2) =0.2,11,(3) =0.1,
4,(0)=0.1,4,(1)=0.2,1,(2)=0.3,1,(3)=0.4

va(0)=-0.15,v)(1)=-0.14,v, (2)=-0.13,v}(3)=-0.12,
15(0)=0.5,5(1)=0.4,5(2)=0.3,145(3)=0.2,
45(0)=0.2,4;(1)=0.3,145(2)=0.4,4,(3)=0.5

v (0)=-0.14v(1)=-0.12,v}(2)=-0.1,v)(3)=-0.1

It is easy to check that A and B are crossing - CR — fuzzy sets on Q- algebras
The informational energy of A is written as

E ossing-cr fumy (A) = S (C 0% )2 + (32 (6 ) + (V] )2 =
(0.4)° +(0.3)° +(0.2)° +(0.1)° +(3/0.1)2 +(3/0.2 ) +(3/0.3 )2 +(3/0.4 )* +
(—0.15)6 +(—O.14)6 +(—0.13)6 +(—O.12)6 =0.00489+1.548462+0.000027=1.553379
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 Ecrossing. cr.- 1y (A) = V1.553379 = 1.246346 2600738207

The informational energy of B is written as

E ossing. cr- iy ( B) = 2y (225 (%))’ +(3\//TB( XN +((vg )’ ) =

(0.5)° +(0.4)° +(0.3)° +(0.2)° +(3/0.2)? +(%/0.3)2 +(3/0.4 )* + (305 )? +

(-0.14)° +(-0.12)° +(-0.1)° +(-0.1)° =0.020514+1.962979722574738+0.0000125552 =

1.9835055552
JEuvossing-ca- tumy (B ) =/1.9835055552 = 1.408367806756449

\/Ecrossing-CR- fuzzy ( A) x \/Ecrossing-CR- fuzzy ( B ) = \/1553379X \/19835055:552 =

1.2463462®0738207x1.4083698007990738=1.7553164427512613071645810875766
The correlation between crossing - CR — fuzzy sets A and B is written as

Coaossng- cr s (AB) = 2 (30 )3 206 D)+ (32 06)x3 2 (X D +(v) P x (v ) =
(0.4)°x(0.5)° +(0.3)°* x(0.4)* +(0.2)*x(0.3)> +(0.1)* x(0.2)* +

(0.1 x(30.2)* +(3/0.2)° x(30.3) +(3/0.3* x(3/0.4 )’ +(%/0.4 )’ x3/(0.5 )* +

(—0.15)° x(—0.14)> +(=0.14)° x(—0.12)* +( =0.13)* x( =0.1)*+,( =0.12)* x(-0.1)* =0.009952+
0.073680629728077+0.1532618%4787106+0.24328800822936+0.341995183353394+
0.000017927632=0.073698556048077+0.153261884787106+0.24328800822936+
0.341995183353394=0.812836436481783

Hence, the correlation coefficient between crossing - CR— fuzzy sets A and B is given by

Ccrossing— CR- fuzzy sets ( A’ B ) _
\/Ecrossing— CR- fuzzy ( A)'Ecrossing— CR- fuzzy ( B )
(06 )% (0 )+ (320 (6 )33/ 2 (X ) + (VA P x(vd Y _
U0 + @A OO+ P Y 0060 + (R (6 )+ (2 Y
0.812836436481783
1.75531644£27512613001645810875766

x(AB)=

~0.463071165869204............. *)

Or the alternative form of the correlation coefficient of crossing - CR — fuzzy sets Aand B as
follows

S % 206 ) + (2 ()20 (6 ) + (V) P x (vl )

max{y 3206 + G200 + (V) P a2 6 )+ (3 (6 ) + (A )Y}
0.812836436481783

1.4083698077990738

From (*) and (**) , we see that the CR — fuzzy sets A and B are smi- correlated.

x(AB)=

~0.57714708B9150605......(**)
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