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1. Introduction

Let A, denote the family of functions f of the form:

f(z) =zP + z AnipZ™*P, p€eN={12..}, (1.1)
n=1

which are analytic and p-valent in the open unit disk U = {z € C : |z| < 1} and let A; = A. Upon
differentiating both sides of (1.1) j—times with respect to z, we obtain

FO@) = 0N + ) 9+ b, aney 2777,

n=1

where

. ]) = p! _{1, j=0
L =G e - .. (—j+1), j#0’
andp,j EN,p>j.

Stimulated by “aforementioned works on multivalent functions with higher — order derivatives (see,
for example [1,7,14,15,16]).

Given two functions f and g which are analytic in U, we say that f is subordinate to g, written
f<gorf(z)<g(z)(zel), if there exists a Schwarz function w which is analytic in U with
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w(0) =0 and |w(z)| < 1 such that f(z) = g(w(z)),(z € U). In particular, if the function g is
univalentin U, then f < g if and only if £(0) = g(0) and f(U) c g(U).

For functions f given by (1.1) and g € A, given by

g(z) =2 + Z bpipz™*P,
n=1

the Hadamard product f = g of f and g is defined by

(f @ =2+ ) anipbnapz™ = (g )(2).
n=1

For complex parameters a; € C,B; € C\ Zy, whereZ; ={0,-1,-2,..}; 1<i<[, 1<) <

k;l,k € Ny =NU {0}, the generalized hypergeometric function Fy(ay,...,a; B, -, Bk;2) IS
defined by the following infinite series:

O (@) (@) 2"

Fr(ag, ., ap; By, s Prs 2) = n=om n!

,(U<k+1;l,k €Ny zeU),

where (x),, is the Pochhammer symbol defined by

F(X+n)_{ 1 (n=0),

(n = rx lx(x+1D..(x+n-1) (neN).

Corresponding to a function h,(ay, ..., a;; By, ..., Bx; z) defined by

hp(al, ey @ B,y ooy Brs 2) = 2P (Fr(ay, ..., ay; By, -, Br; 2)- (1.2)

Dziok and Srivastava [3] introduced a linear operator

Hp(al' e A ﬁl' ""ﬁk) : R(p' 1) - R(p' 1) ’

defined in terms of the Hadamard product as

Hy(ay, ..., ap; B1, o, B f(2) = hy(ay, ..., a; B1, ooy Bis 2) * f(2).
If f € R(p, 1) is given by (1.1), then we have

C (al)n (al)n
H, (aq,..., a5 B, ..., z :zp+2 Ao,z P 1.3
p( 1 l ﬁl Bk)f( ) L (ﬁl)n (ﬁk)n n' n+p ( )
In order to make the notation simple, we write H,*(a;) = Hp(aty, ..., a;; By, .., Br).
We note from (1.3) that, we have
z(Hy*(@)f (@) = arHg* (e + D (2) = (0 - DH (@) f (). (1.4)
Differentiating (1.4), (j — 1) times, we get
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U-1

o G-1)
2(H a)f@) = a (B + Df @) = (@ —p+j— D (B @)f@) . (@8)

We note that special cases of the Dziok-Srivastava operator H,’;k(al) include the Hohlov linear
operator [6], the Carlson-Shafer operator [2], the Ruscheweyh derivative operator [12], the
Srivastava-Owa fractional operator [10] and many others.

Let T be the class of functions h of the form:

h(z) =1+ 2 h,z",
n=1

which are analytic and convex univalent in U and satisfy the condition:
Re{h(2)} >0, (z€U).
We will require the following lemmas in proving our main results.

Lemma 1.1 [5]. Let u,v € C and suppose that i is convex and univalent in U with ¥(0) = 1 and
Re{uy(z) + v} > 0,(z € U). If q is analytic in U with q(0) = 1, then the subordination
zq'(z)

U uq(z) +v

<Y(2)
implies that g(z) < Y(2).

Lemma 1.2 [8]. Let h be convex univalent in U and T be analytic in U with Re{T'(2)} = 0, (z € U).
If q is analytic in U and q(0) = h(0), then the subordination

q(z) + T (2)zq'(z) < h(2)
implies that g(z) < h(z).

Lemma 1.3 [4]. Let g be analytic in U with q(0) = 1 and q(z) # 0 for all z € U. If there exists two
points z,, z, € U such that

_gbl = arg(q(z)) < arg(q(2)) < arg(q(z,)) = %bz.

for some b, and b, (b; > 0,b, > 0) and for all z(|z| < |z;| = |z,]), then

z1q'(z1) — <b1 + bz)m and Z,q'(z3) _ i<b1 + b2>m

q(z,) 2 q(z3) 2
where
m_1+|€| an S—lal’l4 b1+b2.

Lemma 1.4 [11]. The function

(1—-2)"=exp(og(l—12)), (n+0)

is univalent if and only if 7 is either in the closed disk |n — 1| < 1 or in the closed disk |n + 1| < 1.
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Lemma 1.5 [9]. Let g be univalent in the unit disk U and let & and ¢ be analytic in a domain D
containing q(U) with ¢(w) =0 when w e q(U). Set Q(z) = zq'(2)¢(q(z)) and h(z) =
8(q(2)) + Q(2). Suppose that

(1) Q(=2) is starlike univalent in U,

zh!(z)
Q(2)

(2 Re{Z2} > 0 forz e v,

If F is analytic in U, with F(0) = q(0),F(U) c D and
0(F(2)) + zF'(2)¢(F (2)) < 0(q(2)) + zq'(2)$(q(2)),

then F < g and q is the best dominant.

2. Main Results
Definition 2.1. A function f € A, is said to be in the family N(ay, L k,p,j,y; h) if it satisfies the
following differential subordination condition:
)]
1 z(Hy* (@) f ()

—ji4+1- (-1
PrIT TV (MY (a)f (@)
wherep,jEN,p>j,0<y<pandh€eT.

—v | <h(2), (2.1)

Theorem 2.1. LetRe{(p —j+1—y)h(z2) +y+ (a; —p+j — 1)} > 0. Then
N(al + 1' l' k'p:j:)/; h') C N(ali ll k;p;j;y; h-)-
Proof. Let f € N(ay + 1,1, k,p,j,v; h) and put

)]
1 z(HY (@)f @)
-j+1-vy) Lk Go V) (22)
(Hy* (@) f ()

Then q is analytic in U with g(0) = 1. According to (2.2) and using the relation (1.5), we obtain

q(z) =

j-1)

ay (H;l;'k(ﬂﬁ + 1)f(Z))(
(H*@r@)

By logarithmically differentiating both sides of (2.3) with respect to z and multiplying by z, we get

=(@-j+1-v)9@+y+ (e, —p+j—D. (2.3)

0(2) + zq'(z)
p-j+1=-vg@+y+(@-p+j-1)
| 2 (H*@)f @)
T (p-j+1-v) (Hl,k(al)f(z))(j—l) —v | <h@@). (24)
14
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Since Re{(p—j+1—-y)h(z)+y+(a;—p+j—1)}>0, then applying Lemma 1.1 to the
subordination (2.4), yields q(z) < h(z), which implies f € N(ay,L k,p,j,v; h).

Theorem2.2. Let€ A, ,0<ag,a, <land0 <y <p.If

)]

S (H5*(as + Df (@) 7
——aq <arg — — Y —a,,
2 U-1 2
(Hy* (@ + Dg(2)
for some g € N(oc1 +1,Lkp,jv; h;%), (-1<B<A<1),then
- )
7 z(Hy* (@) f () 7
_Ebl <arg

vy |<=b
G V|<3%
(Hy*(a)g(@)

where b, and b, (0 < by, b, < 1) are the solutions of the equations :

a,
!b +2t » (1—|e|)(b1+b2)cos%t B 1
1 —1tan . 4 -
n 2(1+|£|)<( Lt V)+y+(a1—p+]—1))+(1—|e|)(b1+b2)sm§t

t b1 ) B=-1
and
a;

!(b 2o (1= |el)(by + by) cos e
)by +—tan — — , -
= m 2(1+|g|)((”A)(?1’+JBJr1 V)+y+a1—p+j—1)+(1—|e|)(b1+b2)sin§t

L bz ) B = —1
with

b, —b

s=itang<bi+b;) and t

2 A-B)@p—-j+1-

=—sin_1< - ( )(pz J ]/) ) (2.7)
T +ta—-p+j—1DA-B>)+(@-j+1-y)(1-A4B)
Proof. Define the function G by
)
o 1 z(HY () f @) o
Z) = - — 7T .
—j+1-1 G-1) '
P+ (B @)y (@)

(1+AZ
" 14Bz

WheregEN(a1+1,l,k,p,j,y;h ),(—1SB<AS 1and 0 <7 <p.

Then G is analytic in U with G(0) = 1. Therefore by making use of (1.5) and (2.8), we obtain
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-1
(0= +1-16 +7) (i @)g)
= &, (B + DF@) | = (@ —p+j = D (B @)f@)

Differentiating above relation with respect to z and multiplying by z, we get

W G-1)
(p—j+1-D6@) +1)z(H @9 @)+ —j+1-026'() (H@)g@)

= arz (H (i + DF @) = (s —p+) = Dz (H¥@r () . 29)
Suppose that
- @
Ly e ! z(Hy (al)g(z>) )
(p —J +1- y) (Hzl,'k(al)g(Z))(]_l)

Using (1.5) again, we have

ar (HY (@ + Dg()

” o =@—Jj+t1-L@+y+(a—p+j-1) (2.10)
(Hy* (@9 ()
From (2.8) and (2.10), we easily get
zG'(z)
G(z) + - -
@ p-j+1-MLl@+y+(@—-p+j—-1)
- @)
1 z(Hy* (ay + Df(2))
:(P—j+1—T) Lk G~ " (211)
(Hy* (e + D9 ()

. . 1+AZ\ . . . 1+AZ
Notice that from Theorem 2.1, g € N (a1 +1,Lk,p,j,v; E) impliesg € N (al, Lk,pjv; 1+Bz).
Thus,

L( )<1+AZ (-1<B<A<1)
“~1%Bz = =
By using the result of Silverman and Silvia [13], we have
1-—-AB A—B
L(z)—l_Bz <1 (B# -1, z€eU) (2.12)
and
1-A4
Re{L(2)} > —— (B=-1, z€ ). (2.13)
It follows from (2.12) and (2.13) that
1783
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p—j+1-Vi@+y+a—p+j-1
_Gta-p+i-DA-B)+(@—-j+1-y)A-A4B)

1— B2
A-B)p-j+1-v)
< 152 , B#=—-1, zeU)
and
Re{fp—j+1-y)L@)+y+a,—p+j—1}
1-ADp—-j+1-
> )(pzj y)+V+a1—p+j—1, (B=-1, ze ).
Putting
.TT
p—j+1-pPL@+y+a,—p+j—1=pe2?,
where

B (A-B)(p—j+1-y) <
O+ =+~ DA- 5+ G+ 1=y~ 15)
—B)p—j+1-vy B
“Gram-pri-DA-BY+ (- jr1-pa-ap T

¢

and-1< ¢ <1, (B=-1),

then
1—A —j+1-
( )(?_g y)+y+a1—p+j—1<p
A+ADpp-j+1-y) .
< 158 +y4+a,—p+j—-1, (B#-1)
and

A-Dp-j+1-y)
1—-B

+y+a;—p+j—-1<p<o, (B=-1).

1
(p—j+1-y)L(2)+y+a,—p+j-1

An application of Lemma 1.2 with (z) = , yields G(z) < h(z).

If there exist two points z;, z, € U such that

is yis
—Ebl = arg(G(zl)) < arg(G(z)) < arg(G(zZ)) = Ebz'
then by Lemma 1.3, we get

2,G'(z1) _

mi 7;G'(z3) _ mi
G(Zl) - - 7 (b1 + bz) and

Tzz)—7(b1+bz).

where
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m_1+|£| an g—lan4 b1+b2.

Now, for the case B # —1, we obtain

/ 1 7, (Hy"(aa + Df (zl))(j) \
arg | @—J+1-0\ 7ok 5o T
\ (H5 (@ + Dg(2)
2,G'(21) >
p—-j+1-YLEz)+y+a;—-p+j—-1
z1G'(z4) )
(p—j+1-VIL(z)+y+a,—p+j—1]G(z)

s mi %
= _Ebl + arg (1 — Z(bl + b,)e ‘2¢)

=arg (G(zl) +

=arg(G(zy)) + arg <1 +

T m T mi T
= _Ebl + arg (1 _Z(bl + b,) cosi(l —¢) +Z(b1 + b,) smz(l - qb))
m(by + by) siny (1 — ¢)
2p +m(b; + by) cos%(l —¢)

< 7Tb tan~!
——=b; —tan
2 1

T
S _Ebl
- (1—|e|)(bl+b2)cos§t
o A+ADp—j+1-7) . —
2(1+ [el) 175 +y+ay—p+j—1)+ @ —leDb +by)sinTt
Vs
= _Eal’

where a, and t are given by (2.5) and (2.7), respectively.

Also,
6))
1 Z3 (Hé’k(al + 1)f(Zz)) \
w9 p—j+t1-1) Lk Gn "
(Hp (a1 + 1)9(22)) /
T
2 Ebz
) (1— |e])(by + by) cos%t
+ tan™ -
201 + |g|)((1+A)(11’;§3+ L=V o —p+j— 1) + (1= leD)(by + by) sin
T
= Eazl

where a, and t are given by (2.6) and (2.7), respectively.

Similarly, for the case B = —1, we have

Vol. 72 No. 1 (2023) 1785

http://philstat.org.ph



Mathematical Statistician and Engineering Applications
ISSN: 2094-0343

2326-9865
6))
1 2y (HY (ay + Df (2)) \ _.m,
arg - — — T < —=0
— + 1 -7 (]_1) 2
=+ 1D (B (@, + D) )
and
)]
1 2 (HY (ay + Df (22)) \ i
arg > Ebz

p—j+1-1) (sz),k(al + 1)9(22))(1—1) -t /

The above two cases contradict the assumptions. Consequently, the proof of the theorem is complete.
In the following theorem, we find integral representation of the family N(a4, 1, k,p,j,v; h).

Theorem 2.3. Let f € N(aq, L k,p,j,y; h). Then

(B @f ) = zriv exp[(p j+1-7) f M s],

where w is analytic in U with w(0) = 0 and |w(2)| < 1, (z € U).

Proof. Assume that f € N(aq, L, k,p,j,y; h). It is easy to see that subordination condition (2.1) can
be written as follows

2 (@) @)
G =@®-j+1-Nh(w@)+v, (2.14)
() f @)

where w is analytic in U with w(0) = 0 and |w(z)| < 1, (z € U).

From (2.14), we find that

)]
Hl,k 1 . _
(Hy*(a )f(z)?j_l) A WP (G ey .15)
Lk Z VA
(Hy* (@) f ()
After integrating both sides of (2.15), we have
-1
Hy(ay)f (2) [ h ~1
log ( L prEyT ) :(p—j+1—y)f%ds. (2.16)
0

Therefore, from (2.16), we obtain the required result.

Theorem 2.4. Let 1 < 8 < 2 and n € R\ {0} such that either |2n(8 — Da; + 1| <1 or |2n(f —
Da; — 1] < 1. If f € A, satisfies the condition
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j-1)

(Y@ + DF @) 1—p
Req 1+ >2—-[F+

(H*@r@) %

then,

(z (HE* (ay) f(z))(j _1)>n < (1= 2y 26D

and (1 — z)~ 21(B-1a1 js the best dominant."

Proof. Define the function k by

F@ = (2 (1 @) )

Differentiating (2.18) with respect to z logarithmically and using (1.5), we obtain

j-1

(
zF'(z) N (H;l)'k(“1 + 1)f(Z))
e (H*@f@) "

Now, in view of the condition (2.16), we have the following subordination

zF'(z) 1+ @2B—-3)z

1 <
+ na,F(z) 1-2z

Assume that

ow) =1, ¢(w)=

na,w
and

a(2) = (1 = 2)~ 18D,

—n(a; —p+j—1.

)

ISSN: 2094-0343
2326-9865

(2.17)

(2.18)

then by making use of Lemma 1.4, we know that g is univalent in U. It now follows that

2(6—-1
0@ = 20 @9(a() = L=
and
1 26 —3
A = 0(0@) + Q) = L =22

If we define the domain D by

1 1
WU—1‘< wao

qU) = {W:

,0=2n(f — 1)0{1} c D,
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then, it is easy to check that the conditions of Lemma 1.5 hold true. Therefore, we get the desired
result.
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