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1. Introduction

This paper starts by introducing some topological sets that are very close to m-open and -
closed sets in the sense of Hdeib. Moreover the notions of regular m*-open, semi- w*-open,
pre-m*-open, o-o*-open, B-o*-open, b- w*-open, *b-o*-open , b*-w*-open sets and the
corresponding closed sets are introduced and studied in this paper. Further, the concepts of
pw-set, qo-set, Qm-set, pm*-set, qw*-set and Qw*-set are defined to investigate the
properties of the above sets in conjunction with the recent related concepts that are available
in the literature of point set topology.

2. Prelimeneries

Result 2.1

Let A and B be any two subsets of a topological space (X,t). The following relations on
the interior and closure operators will be useful.

2010 Mathematics Subject Classification: 54A05, 54A10
Key words and phrases., n-m*-open sets, p-o*-closed sets and ko*-sets
IntA < IntClIntA < ClintA < Cl IntCl A < CIA.

IntA < IntClIntA < IntCIA < CI IntCIA < CIA.
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IntCl (ANB)c (INtCIA ) A (IntCIB).

Clint (AnB)c (ClIntA ) A (ClIntB).
(IntCIA) U (IntCIB)  INtCI(AUB).
(ClIntA) U (ClIntB) < Clint (AUB).
ClintClIntA = ClIntA.

IntClint CIA = IntCIA.

Lemma 2.2
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Q) If B is open then (CIA) n B < CI(AB).
(i) If B is closed then Int (AUB) < (IntA) U B.

Lemma 2.3

(i)  ClintCl (AUB) = CIIntCIA U Clin CIB.

(i) IntClint (AnB) = IntClIntA N IntClIntB.

Definition 2.4 The set A is called

Q) regular open if A= Int CIA,
(i)  semi-open if Ac Cl IntA,
(iii)  pre-open if AcIntCIA,

(iv)  b-open if AcCI IntAuUIntCIA,
(V) *b-open if AcCl IntANINntCIA,
(vi)  b*-open if A=ClIntAUINtCIA,

Definition 2.5 The set A is called

Q) ap-set if ClintAcIntCIA,
(i)  ag-set if IntCIAc ClIntA,
(i)  aQ-setif IntCIAc ClIntA,
(iv)  at-setif IntA = IntCIA,
(V) at*-setif CIA = ClIntA,

Definition 2.6 The set A is called

Q) a-open if AcIntClintA.
(i) -open if AcCIIntCIA.

Definition 2.7 The set A is called

Q) regular closed < A= ClIntA,
(i)  semi-closed <IntCIA c A,
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(iti)  pre-closed <ClIntA c A,

(iv)  b-closed <CI IntANINtCIA c A,
(V) *b-closed <ClIntAUINtCIA c A,
(vi)  b*-closed <ClI IntANINtCIA c A,
(vii) a-closed <ClI IntCIA c A,

(viii) B-closed < IntClIntA c A.

Lemma 2.8 The set Ais

(1) regular open <A= IntClint A,

(ii) regular closed <<A= CIIntCIA,

(iii) semi-open <CIA= ClIntA,

(iv) semi-closed < IntA= IntCIA,

(v) B-open <CIA=CIIntCIA,

(vi) B-closed < IntA= IntClIntA.

Lemma 2.9

(i) If AorBissemi-open then IntCIA nIntCIB = IntCI(ANB).
(it) If Aor Bissemi-closed then Clint(AuB) =ClintAUCIIntB.
Definition 2. 10 Let A and B be any two subsets of a space (X,t). We say that

Q) Ais near to B in (X,7) if IntA = IntB

(i)  Avscloserto B in (X,7) if CIA = CIB.

(iii)  A'is almost near to B in (X,7) if IntCIA = IntCIB.
(iv)  Aisalmost closer to B in (X,7) if Clint A = IntCIB.

Definition 2.11 A function f: (X,1)—(Y, o) is called

(i) regular continuous if f (V) is regular open in X for each V eo,
(i) regular irresolute if f “1(V) is regular open in X for each V eRO(Y,c).
Other types of continuity and irresoluteness can be analogously defined.

Definition 2.12 By a neighourhood (briefly nbd) of a point x in a space X we mean an open
set containing Xx.

Definition 2.13 A space X is locally countable if the space has a base consisting of
countable sets and is anti locally countable if every non-empty open set in X is uncountable.

Definition 2.14 For every open neighbourhood U of A,

Q) if CIAcU then A is g-closed,
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(i) if Cl IntAcU then A is wg-closed,

@iii)  if aCIAcU then Ais ag-closed,

(iv) if SCIAcCU then A is gs-closed,

(V) if pCIAcU then A'is gp-closed and

(vi) if BCIAcU then A is gB-closed.

Definition 2.15

Q) If AcV, Visregular open =CIA < V then A is rg-closed.
(i) If AcV, Visregular open =pCIA < V then A is gpr-closed.
@iii) I AcV,Visa-open =aCIA < V then A is ga-closed.

Definition 2.16 A point x of X is said to be a condensation point of A if for each Uet with
xeU, the set UnA is uncountable.

Clearly every condensation point of A is its limit point. Let Cond(A)={x:x is a condensation
point of A} and Limit(A) ={x:x is a limit point of A}. Obviously Limit(A)>Cond(A).

Definition 2.17 A subset B of X is said to be w-closed in (X,t) if B o Cond(B).

It is easy to see that every closed set is m-closed. The complement of an w-closed set is o-
open. Khalid Y.Al.Zoubi, Al.Nashef established that the collection of all w-open sets in
(X,7) is a topology on X denoted by 1t which is finer than t. Let Clo( ) and Into( ) denote
the closure and interior operators in (X, to).

Lemma 2.18 A subset B of X is w-open in (X,t) if and only if for each xeB there exists
Uet such that U\B is countable. Equivalently xeInt,Bif and only if there exists Uet such
that U\B is countable.

3. p-o*- OPEN SETS where pe{semi, pre, a, B, b}

The one level operators Int(.), CI(.), Inte(.) and Clo(.) in (X,t) induce twelve two level
operators in (X,t) namely IntClI(.), Intinte(.), IntCle(.), Clint(.), Clinte(.), CICla(.), IntoInt(.),
IntCI(.), IntoClw (.), CloInts (.), CloInt(.), CloCI(.). These two level operators have been
linked as shown in the next lemma. It is interesting to note that the two level operators
IntoInt(.), Intints(.) and CloCI(.), Cl Clw(.) are reduced to the one level operators Int(.) and
CI(.) respectively. Throughout this paper, (X,t) is a topological space, A and B are subsets of
X.

Lemma 3.1 For any subset A of a space (X,t), the following always hold.

0] IntoINtA= IntA = IntintuA.
(i)  CleCIA =CI CloA = CIA.
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(iii)  IntCloAcIntCIA clInt,CIA.

(iv)  IntCloAcint,CloAcIntoCIA.
(V) CloIntA cClIntA < ClintoA.
(vi)  CloIntAcClointoAcClintoA.

Proof. We have IntAcInteAcAcCl.ACCIA. By applying the interior operator on IntA
clntoA cA, we get IntA clint IntoA < IntA so that Int IntoA = Int A. Since IntA is w-open
we have InteIntA = IntA.This proves the assertion (i). The assertion (ii) can be analogously
established.

By replacing A by CIA and Aby Clo Ain IntA cInteA , we have IntCIA cIntoCIA and

Int CloA clInte CloA . By replacing A by IntA and A by Inte A in CloAcCIA, we have
CloIntAcClIntA and Cle IntoA <ClI IntoA.

Taking closure and m-closure operation on either side of IntA cIntoA we get
CliIntA cClIntoA and CloIntAcCloIntoA.

Taking interior and w-interior operation on either side of Clo,AcCIA we get
IntCloAcIntCIA and Int,CloAcIntoCIA.
We have IntCloAcIntCIAcInt,CIA;

IntCloAcIntoCloAcIntoCIA;

CloIntAcClIntA < ClintoA and

CloIntAcCloIntoAcClIntoA.

Remark 3.2

Q) IntCIA #IntCloA and ClintB #ClInt.B,

(i) IntCIA # IntoCloA and ClintB = Clo, Inte B,
@iii)  IntCIA # IntoCIA and ClIntB = CloIntB,
(iv)  IntCloA #Int,CIA and ClinteB #ClwIntB,
(V) IntCloA # IntoCloA and Clint,B # Clo InteB,
(vi)  InteCIA # IntoCloA and CleIntB # Clo InteB.

Example 3.3 Let E! be the real line. Then the set Q of all rational numbers is w-closed but
not m-open and Q°¢, the set of all irrational numbers is ®-open but not w-closed. It is easy to
see that IntCIQ = E!, Int,CIQ = E!,

IntCloQ = I, IntoCloQ =,
ClintQ® = ¢, CloIntQ® = &,
ClintoQ°= E!, CloIntoQ¢ =EL .
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Let A=Q and B=Q°. Then from the above we see that

IntCIA = E~@= IntCl,A and ClIntB = Z#E! = Clint.B.
IntCIA = E}2@= IntoCloA and ClIntB = &#E! =Cl,, Int, B.
IntoCIA = E#@= IntoCloA and CloIntB = @#E! = Clo IntuB.
Thus (i), (ii) and (vi) in the above remark are verified.

Example 3.4 Let R denote the set of all real numbers and t={J, {r}, R} where r is an
arbitrary rational number. Then it is easy to see that

INtCIQ° = Int(R{r}) = and ClIntQ =CI{r}) = R,
IntoCIQ® = Into( R{r}) = R{r} and CloIntQ = Clo(r}) ={r},
INtCluQ°® = Int(RY{r})= and  ClintuQ =CI(r})= R,
IntoCloQ° = Into( RY{r}) = RY{r} and CluInteQ = Clo(r}) = {r},
Let A =Q° and B= Q. Then from the above we see that
INtCIA=#R\{r}= IntoCIA and ClIntB =R#{r}= ClsIntB,
IntCloA =Z#R\{r}=Int,CIA and Clinto,B =R#{r}=CloIntB,
IntCloA =Z#R\{r}= IntoCloA and ClintoB =R#{r}= Cls Int,B,
Thus (iii) , (iv) and (v) in the above remark are verified.

The above discussion motivates to define different types of b-open sets. Andrijevic had
chosen the pair (IntCl, Clint ) to define the notion of b-open sets. Noiri et.al. took the pair
(InteCl , Clinte) to introduce the notion of b-w-open sets. The other pairs can also be chosen
to define some topological sets that are very close to an open set or w-open set. The two level
operators IntCl, and ClolInt are used to define certain topological sets as given in the next
definition.

Definition 3.5 The set A is called

Q) regular o*-open if A= IntCloA,

(i)  semi-o*-open if AcCloIntA,

(iii)  pre-o*-open if Ac IntCloA,

(iv)  b-o*-open if Ac IntCloAU CloIntA.

The three level operators IntCle, Int and CloInt Cle, are used to define some topological sets
as given in the next definition.

Definition 3.6 The set A is called
(i) a-o*-open if Ac IntCly IntA.
12609
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(ii) B-o*-open if AcClo Int CloA.

Remark 3.7 It is worthwhile to see that regular m*-open, semi-w*-open, pre-o*-open, b-w*-
open , a-o*-open and PB-w*-open sets are defined by replacing “Cl “ by “Cle “ in the
definitions of regular open, semi-open, pre-open, b-open , o-open and [-open sets
respectively.

The complements of the regular w*-open , semi-w*-open, pre-o*-open, b-w*-open, a-w*-
open , B-o*-open are called regular m*-closed, semi-w*-closed, pre-m*-closed, b-w*-closed,
a-o*-closed, B-w*-closed respectively. Such weak forms of w*-closed sets are characterized
in the next proposition.

Proposition 3.8 The set Ais

Q) regular o*-closed < A= ClintoA,

(i)  semi-o*-closed <Int,CIA C A,

(iii)  pre-w*-closed in (X,t) <ClinteAcCA,

(iv)  b-o*-closed in (X,1) <Inte CIANClIntoA CA.
(V) a-o*-closed in (X,1) <Clint, CIA CA.

(vi)  B-w*-closed in (X,t) <Inte Cl InteA CA.

Proof. The set A is regular o*-closed<> X\A is regular w*-open.
< X\A = IntClo(X\A).

< X\A = X\ ClintoA.

< A = ClintoA.

This proves (i). The set A is a-o*-closed <> X\A is a-m*-open.
< X\A cIntCleInt (X\A).

< X\A < X\ Clint,CIA.

< A oClint,CIA.

<Clint, CIA cA.

This proves (v) and the other assertions can be analogously proved.
Remark 3.9 The concepts of regular o*-closed, semi-w*-closed, pre-o*-closed,

b-w*-closed, a-mw*-closed and -o*-closed sets can also be defined replacing “Int “ by “Inte*
in the definitions of regular closed, semi-closed, pre-closed, b-closed , a-closed and (3-closed
sets respectively.
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The next proposition gives specific formulas to verify whether a given set A is regular- o*-
open, regular m*-closed, semi-w*-open, semi-w*-closed, B-w*-open, B-w*-closed.

Proposition 3.10 The set A is

Q) regular o*-open < A= IntClyIntA,
(i) regular o*-closed <A= ClInt,CIA,
(i) semi-o*-open <CluA =Clo IntA,
(iv)  semi-w*-closed <Int,CIA = Int, A,
(V) B-o*-open <CloA =Clo Int CloA,
(vi)  B-o*-closed <Int, Cl IntoA= IntuA.

Proof. The set A isregular o*-open= A= IntCloA and A is open. = A= IntCl,IntA. Now
A= IntCloIntA = IntA= IntCluIntA and A isopen = A= IntCloA .

This proves (i) and the proof for (ii) is analogous.
The set A is semi-o*-open = AcCloIntA
= AcCloIntA cCloA.
=CloAcCloCloIntA cCloA.
=CloAcCloIntA cCloA.
=ClwA =ClsIntA .
Conversely, CloA =CloIntA = AcCIloA =ClyIntA
= AcClyIntA
= A is semi- w*-open
This proves (iii) and the proof for (iv) is analogous.
The set A is B-o*-open = AcCloInt CloA
= AcCloInt CloA cCluA.
=CloAcCloClolInt CloA cCloA.
=CloAcCloint CloA cCloA.
=CloA = Clolnt CloA .
Conversely, CloA =ClsInt CloA = AcCloA = Cloint CloA
= AcCleInt CloA
= Ais - *-open
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This proves (iv) and the proof for (v) is analogous.
Proposition 3.11 Let A be regular m*-open.
(i) A is open, pre-open, pre-w-open in (X,t) and
(ii) A is pre-open in (X,te)
Proof. The set A is regular @*-open = A= IntCloA cIntCIA clInt,CIA .
= A is open, pre-open, pre-m-open in (X,1).
This proves (i).
A is regular o*-open = A= IntCloA cIntoCloA.
= Ais pre-open in (X,to).
This proves (ii).
Proposition 3.12 Let A be semi-w*-open.
(i) A is semi-open, semi-m-open in (X,t) and
(ii) A is semi-open in (X,to).
Proof. The set A is semi-w*-open in (X,t) = AcCl, INtACCIIntA c ClintoA
= A is semi-open , semi-w-open in (X,1).
This proves (i).
The set A is semi-o*-open in (X,1) = AcCloIntAcClsIntoA.
= Ais semi-open in (X,Tw).
This proves (ii).
Proposition 3.13 Let A be pre-o*-open.
(i) A is pre-open, pre-m-open in (X,t) and
(i)  A'is pre-open in (X,to).
Proof. The set A is pre-o*-open in (X,t) = Ac IntCloAcIntCIA clInt,CIA.
=is pre-open, pre-m-open in (X,1).
This proves (i).
The set A is pre-o*-open in (X,t) =AcCloIntACCloIntoA.

= A'is semi-open in (X,to).

12612
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This proves (ii).
Proposition 3.14 Let A be b-w*-open.
Q) A is b-open, b-w-open in (X,t) and
(i)  Alisb-openin (X,te).
Proof: The set A is b-w*-open in (X,1) = AcClo IntAUIntCloA .
cClIntAUINtCIA cClintoeAUlIntoCIA.
= A'is b-open, b-w-open in (X,1) .
This proves (i).
The set A is b-o*-open in (X,t) = AcCle IntAUINtCloA cClo InteAuINteCloA.
= Ais b-open in (X,t0).
This proves (ii).
Proposition 3.15 Let A be a-o*-open in (X,1).
(i) A is pre-w*-open, pre-open, semi-w*-open, semi-open,a-open, B-w*-open in (X,t) and
(if) A'is pre-open, semi-open, a-open in (X,Tw).
Proof. The set A is a-w*-open in (X,t) =Ac IntClyIntA cIntCloAc IntCIA,
Ac IntCloIntAcCloIntAcCI IntA,
AcIntCl IntA and
Ac IntClyIntAc CloIntCloIntAc CloIntCloA
= A is pre-o*-open, pre-open, semi-w*-open, semi-open ,a-open, B-w*-open in (X,1)
This proves (i).
The set A is a-o*-open in (X,7) =Ac IntClsIntA
= AcIntuCloA, AcCls IntoA,
AclInt,Cle InteA.
= A'is pre-open, semi-open, a.-open in (X,te). This proves (ii).
Proposition 3.16 If A is B-w*-open in (X,t), then Ais B-open in (X,t) and in (X,to).
Proof. The set A is B-o*-open in (X,t) = AcCle Int CloA

=AcClI Int CIA and AcClo Inty, CloA
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= Ais B-openin (X,t) as well as in (X,tw).

Proposition 3.17 If A is regular o*-closed then it is closed, pre-closed, pre-m-closed in
(X,7) and is pre-closed in (X,to).

Proof.The set A is regular w*-closed = X\A is regular o*-open.
= X\A is open, pre-open, pre-m-open in (X,t) and pre-open in (X,to).
= Alisclosed, pre-closed, pre-m-closed in (X,t) and pre-closed in (X,to).

Proposition 3.18 If A is semi-w*-closed, then it is semi-closed, semi-w- closed in (X,t) and
semi-closed in (X,t0) .

Proof. The set A is semi-w*-closed in (X,t) = X\A is semi-m*-open.
=X\A is semi-open, semi-w-open in (X,t) and semi-open in (X,te)
=A is semi-closed, semi-w-closed in (X,t) and semi-closed in (X,1s).

Proposition 3.19 If A is pre-o*-closed, then it is pre-closed, pre-w-closed in (X,t) and pre-
closed in (X,10).

Proof. The set A is pre- o*- closed in (X,t) = X\A is pre- ®*- open.
=X\A is pre-open, pre-m-open in (X,t) and semi-open in (X,to).
=A is pre-closed, pre-o-closed in (X,t) and semi-closed in (X,1o).

Proposition 3.20 If A is b-o*-closed then it is b-closed, b-w-closed in (X,t) and b-closed in
(X,'C(;)).

Proof.The set A is b-o*-closed in (X,t) = X\A is b-o*-open.
=X\A is b-open, b-w-open in (X,t) and b-open in (X,10).
=A is b-closed, b-w-closed in (X,t) and b-closed in (X,1o).

Proposition 3.21 If Ais a-w*-closed in (X,t), then it is closed, pre-w*- closed, pre-closed,
semi-w*-closed, semi-closed, a-closed, B-w*-closed in (X,t) and is pre-closed, semi-closed,
a-closed in (X,te).

Proof. The set A is a-o*-closed in (X,t) = X\A is a-w*-open.

=X\A is pre-o*-open, pre-open, semi-m*-open, semi-open,a-open, B-m*-open in (X,t) and
pre-open, semi-open, a-open in (X,to)

=A is pre-o*-closed, pre-closed, semi-w*-closed, semi-closed, a-closed,

B-w*-closed in (X,t) and pre-closed, semi-closed, a-closed in (X,1o).
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Proposition 3.22 If A is B-w*-closed in (X,t) then A is B-closed in (X,t) and also -closed
in (X,T(o).

Proof. The set A is B- w*-closed in (X,t) = X\A is B-o*-open.
=X\A is B-open in (X,t) and in (X,tw).

=Ais B-closed in (X,t) and in (X, ).

Proposition 3.23 Let A and B be any two subsets of a space X.

Q) If A and B are regular w*-open in (X,t) then AnB is regular o*-open.
(i) If A and B are p-o*-open in (X,t) then AUB is p-o*-open.

(iii)  If Aand B are regular o*-closed in (X,t) then AUB is regular w*-closed.
(iv)  If Aand B are p-o*-closed in (X,t) then AnB is p-o*-closed.

Proof. Let A, B be regular o*-open in (X,t). Then IntCloA=A and IntCl,B =B that implies
IntClo(ANB ) cInt(CleAn CloB ) =Int CloAn Int CloB = ANBcClo(AnB) so that
IntClo(ANB ) cInt(AnB) = AnB cIntClo(AnB) which further implies that IntClo(ANB ) =
ANB. Therefore AnB is regular o*-open. This proves (i) and the assertion (iii) follows from

(D).
Now, let A, B be semi- o*-open in (X,t). Then ClsIntA = CloA and
CloIntB = ClwB.

CloInt(AUB)Clo(Int Auint B ) = CleInt AUClsInt B = CloAUCIB o AU B that implies
Au B is semi- o*-open.

If A and B are pre-o*-open in (X,t) then AcIntCloA and B<IntClwB so that
IntClo(Au B ) = Int(CloAUCIl,B ) oInt CloAulnt CloB o Au B that implies

Au B is pre- o*-open.
If A and B are a-w*-open in (X,t) then AcIntCl, Int A and BcIntCle, Int B so that
IntCloInt (AU B ) oIntCle (IntAUINtB ) = Int(CloINtAUCI,INtB )
2lnt CleIntAulnt CloIntB o Au B that implies Au B is a-o*-open.
If A and B are B-w*-open in (X,t) then AcCl, IntCloA and BcCle IntCloB so that
CluIntClo (AU B) = CloInt (CloAUCILB ) oClo(Int CloAulnt CleB)

= CloInt CloAUClsInt CloB

2 Au B that implies AU B is B-m*-open.
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If Aand B are b-o*-open in (X,t) then AcIntCloAUClsIntA and
BcIntCl,BUClsIntB so that IntCle(AUB)UCleInt(AUB)

= Int(CloAu CloB)UCloInt(AUB)

2 Int(CloAuL CleuB)UClo(Int AUB)

S(Int CloAUINtCloB)UClo(Int AU Int B)

= (Int CloAUINtCloB)U (CloInt AU CloInt B)

= (Int CloAU CloInt A)U (IntCleB U CloInt B)

> Au B that implies AUB is b- w*-open. This proves (ii) and the assertion (iv) can be
analogously proved.
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