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Introduction

The history of definite integral is fascinating because the concept was developed to solve issues with estimating
the lengths, areas, and volumes of curved geometric objects. Greek mathematicians originally tackled these
issues, and they went through several stages before Riemann established the idea of integration over a period in
1868 and Lebesgue introduced the integral based on the idea of measurement in 1902. Known as "A general
kind of integral,” Daniell released his article in 1918 and described the integral as a nonnegative linear function
defined on a Riesz space. Compared to the Riemann and Lebesgue integrals, the Daniell integral was more
universal.

He established the definition of Daniell space in [1] and expanded it to demonstrate that it contains the first. He
also defined the lower and upper Daniell integrals. He then dealt in [3] with the same definition in more detail.
We observe in [2] that the researchers provided a different description for the functions in the Daniell space
extension, as well as the concept of the full space, and demonstrated that the extension space is complete. In [4],
he describes how to construct the Bochner integral on a Banach space and presents a straightforward restriction
of the vector valued integral on abstract measure space. We describe the Daniell space as a whole as a Banach
space.

In our paper, we presented the definition of the extension space as it was known in[1]and we showed that this
space is complete based on the definition of the complete space in[2] also We adapt the method employed in the
paper [4]. However the paper discusses the Bochner integral on a Banach space, but we discusses the complete
Daniell space on a Banach space based on what was presented in [4].

Fundamental Concepts
In this section the important and basic concepts are given to expression all the results that need it later.
Definition2.1,[1]:
Let2 be an arbitrary set and h,kare real valued functions on Q2then we defined
hvk = max{h, k} = max{h — k,0} + kand
hak = min{h, k} = (h + k) — max{h, k},where 0 is the zero function.
Definition 2.2,[7]:
Let L be a set of real valued function defined on . we say that L is a lattice if max{h, k}, min{h, k} € L for all
h, k € L.The linear space of all real valued lattice functions on Qis called Riesz space
Remarks 2.3,[5]:
(1) Let L be a linear space of functions(h: 2 — R). Then S is a vector lattice(Riesz space) if max{h, 0} € L for all
heL.
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If his a real valued function in Riesz space then |h| is also in a Riesz space.
Definition2.4,[8]:
Let 2 be any set and h : 2— R a function, we define the positive and negative parts h*and h~ by
h*=max{ h,0}and h ~=—min{ h,0} =max{-h ,0}
where

ht(x) ={ hx), h(x) 20 andh~(x) ={ —h(0), h(x) <0
0, h(x) <0 0, h(x) >0
hold the following for A* and h~are nonnegative such that
h=h*—h"and |h| = h* + h~ = ht+(—=h)"
ht = §(|h| +h)and h~ = §(|h| —h)
(=h)* =h~and (-h)” = h*
If 2 > 0,then (Ah)* = Ah*and (Ah)~ = Ah~.
Definition 2.5, [2]:
Atriple (2, L, D) is a Daniell space if F is anonempty set, L is a Riesz space of real valued functions on F, and
D:L — R is a Daniell functional.
Definition 2.6, [8]:
Dis continuous under monotone limit if and only if D(h,) I 0 whenever h,, { 0 and each h,, € L.
Definition 2.7, [2]:
Let L be a Riesz space of functions defined on F. A linear functional D: 2 — R is called
Positive if D(h) = 0 wheneverh € Land f > 0.
continuous if and only if D(h,)|0 whenever h, |0 for each h,, € L.
Continuous under monotone limits if for every increasing sequence {h,,} of functions in L and h € L such that
h(x) < 7liﬁn(r)lofn(x) for all x € 02, then D(f) 111% =D(f).

if D is positive, then D(f) < D(g) foreach f € Land h < k.
Then Daniell functional (Daniell integral) whenever D is positive and continuous under monotone limit.
Theorem 2.8, [1]:
Let L be a Riesz space on F. Suppose that D is a Daniell integral on S. Then D(f) < Y-, D(f,,) whenever {f,,}
is a sequence of nonnegative functionsin L and f € L such that f(x) < Yo, f(x) forall x € Q.
Definition 2.9, [2]:
If D be a Daniell functional, a function f € L is called a null function if D(|f|) = 0.
Example 2.10:
Let 2 = (0,1) define f € Lby f(x) = 0ifx € Q, if x = %then flx) = % also let £(0) = f(1) = 0 then this
function is a null function thus D(f) = f(0) — f(1) = 0.
Remark 2.11, [3]:
If D be a Daniell functional and f is a null function and |g| < |f| then g is a null function.
Since 0 < D(|gl) < D(|f) = 0.
Definition 2.12, [2]:
If D be a Daniell functional . A set A € £ is called a null set if the characteristic function of A is a null
function. Thatis D(]l4|) = 0.
Example 2.13:
Let2 = Rand A = {f = 0} € R, then A is a null set,
sinceD(I,) = D(0) = 0.
Definition 2.14, [ 2]:
Let(f2, L, D)be a Daniell space.A norm on L is a function ||. ||: L —» R which is defined by || f|l = D(|f])
having the following properties,
IIfll =0 forall f €L,
[Ifll =0 iff f=0ae,
ANl = [AlIIf]l forall f € Land A€ R,
lf +gll < lIfIl + ligliforall f,g € L.
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A Riesz space S together with ||-|| is called a normed space and it is denoted by (L ,||-|]).
Remark 2.15:
Every subspace of a normed space is also normed space, that is (L, ||. ||) be a normed space and||[f]|| =
D(fD.
Definition2.16:
A seminorm on L is a function p: L — R which is defined by p(f) = D(|f]), having the following properties,
p(Af) = [Alp(f) forall f € Landforall 1 € R,

p(f +9) <p(f) +p(g) forall f,g €L

A family T of seminorms on L is said to be separating if for each f # 0 corresponds at least one p € T with
p(f) #0.

Theorem 2.17:

Suppose p is a seminorm on , then:

p(0) =0,

p(=f) =p(f) forall f € L,

p(f—g)=v(g—f)forall f,gelL,

lp(f) —p(@l <p(f —g)forall f,geL,

p(f) = Oforall f € L.

Proof: Let f,g € L

Let f € L, Since p(f) = D(|f]) then p(0) = D(0) = 0.

Let f € L,p(—f) = D(I-fD = DUfD = p(f).

Letf,g € Lp(f —9) =D(f —gl) =D(g—fD =»(g - 1)

Letf,g € L, [p(f) —p(@)| = IDUfD —D(gDI = [DUFDI = IDUgDI < DUFD —D(gD) = DAf — gD =
r(f —9).

Letf € L, since D(|f]) = 0 implies that p(f) = 0.

Remark 2.18:

[|-]Ineed not be a norm since if [|f|| = 0 need notto be f = 0ifandonly if f = 0 a.e., such thatif f = 0 a.e.
then thereisaset A = {x: f(x) # 0}, A € F, which is a null set, then |f| = 0 a.e. implies D(f) = 0. Therefore
[If1] = 0. Conversely, if ||[f]| = 0,then D(f) = 0, since |f| = 0 then f = 0.

A normed space or a seminormed which is complete in the metric induced by the norm is called a Banach space,
that is every Cauchy sequences is convergent.

Complete Daniell Space
Definition 3.1, [5]:
Let L* be the class of all extendedreal valued functions on Q2represented as a limit of a monotone non-
decreasing sequences of functions in the vector lattice L.
That is (ifLis a vector lattice, then h € L*if and only ifh: 2 - R a function and there exists a sequence {h,,} of
monotone increasing sequences of functions in S such that h = 71113)10 hy).
Definition 3.2, [2]:
Let f be a real function on 0. if there exist afunction f,, € L,n € N, such that
oy La=a D(ful) <0
(2) f(x) =202, fn(x)forevery x € 2 and Yo;|fn (x)] < o0, then we write f = Y0, fr.
Definition 3.3, [2]:
A Daniell space (2,L,D) is called complete if f = >, f,, for some f3, f5,, ... € L, impliesthat f € L.
Theorem 3.4, [8]:
Let {f,.} and {g,,}be a monotone increasing sequences such that f,, and g,, are in L for anyn,m € N and let
lim f, < lim g,,. Then lim D(f,) < lim D(g,,).
n—-oo m-—oo n—-oo m-—oo
Furthermoreif f isin L*andf,, T f ,gm T fthen 111_{210 D(f,) = rlli_rgo D(gm)-
If fisin L*, then there exist an increasing sequence{f,} such that f,, isinL forallnand f = Tllilzzofn . Then

D(f) = lim D(f,).
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(3) Let f:02 — Rbe a function and f(x) > 0V x € Qthen fis in L* if and only if there exist a sequences {f;,} of

nonnegative functions in L with f = Y>>, f,,. Further, D(f) = YXor1 D(f)-

Theorem 3.5:

LetL*be extended lattice set then a triple (2, L*, D) is a complete Daniell space.

Proof :

First we have to prove that L* is a Riesz space

Leth,k € L',A, 8 € R, then h = lim hyand k = lim k,,, whereh,andk,, are increasing sequences of functions

n—oo m—oo

in L, then, Ah(x) + Bk(x) = Alimh,(x) + B lim k,, (x) =
n—-oo m-—oo
limAh(x)+ lim B k,(x) = lim (Ah,(x) + Bk, (x)) .there fore Ah + Bk isin L*.
n—-oo m-—oo n,m—oo
Since L is a Riesz space then h,Vk,, isin L for all n then lim (h,Vk,) isin S* to show that h,Vk, is
n—-oo

monotone increasing, let x € Q then h,(x) < hy.1(x) < (hpyeq V) ()
andk, (x) < ki1 (x) < (hpy1 Vi) (), s0 that (R, Vi) (x) < (hyyr Vi) ().
Therefore h, Vk,, is monotone increasing.If lim h, (x) = oo or limg,, (x) = oo,
lim (h,Vk,)(x) = o and(hVk)(x) = o then (hVk)(x) = lim(h, Vk,)(x).
Let limh,(x) # oo and limk, (x) # oo, then lim (h,Vk,)(x) # o and (hVk)(x) # oo.
Now define f,, = h,Vk, for all n. Then f, isin L, and lim f,,(x) =lim(h,Vk,)(x).
Letf,,(x) > max(limhn(x),limkn(x)) = max(h(x),k(x)).
Suppose that there exist N € z*such that n > N implies that f,,(x) > max(h(x), k(x)) ,sincef, is monotone.
But {h,,}, {k,,} monotone increasing implies limk,, (x) = k,(x) and limh,,(x) = h, (x) for all n.
Thus f,,(x) > max(h;(x), k;(x))for all i and for all n > N which is a contradication.
Therefore, lim f,,(x) <max(h(x), k(x)). But f,,(x) = h,,(x) for all nimplies f,(x) = h(x), and f,(x) =
ke (x) for all nimplies £, (x) > k(x), thus lim £, (x) =max(h(x), k(x)), so lim f,(x) =max(h(x), k(x)).
Therefore, h v k is in L*, by the same way we can prove that h A k isin L*. Clearly L c L*, then L is a lattice
contained L.
ii.Now to prove that D: L* — R is a positive linear function on L*, let h € L*, h = 0, there is an increasing
sequence{h,,} such that h,, isin L foralln = 1,2,3,...and 0 < h = limh,, impliesrlli_)rgD(hn) > D(0) = 0.

n-oo

Let h,k € L* then h = lim h,, and k = lim k,, , whereh,,andk,, are monotone increasing sequences of
n—-oo m-—-oo

function in L.
Suppose that h < k implies that lim h,, < lim k,, then
n—oo m—oo

D(h) = D(lim hy) < D ( lim km) = D(k)impliesD(h) = limD(h,) < lim D(k,,) = D(k). There fore
n—-oo m-—co n—-oo m-—oo
D(h) < D(k).
Leth k € L and a, 8 € R then D (ah + k) = D (a(limh,) + B (lim k) =
n—-oo m-—oo
aD(lim h, ) +BD(lim k,,) = aD(h) + SD (k).

n—oo m—oo
Now to prove that D is a Daniell functional on L*.
Let {h,} be an increasing sequence in L* and h in L* with h < limh,,, letk, = h, — hy, k, = h, then D(h,,) =

n—-oco
D(k,) + D(hy) implies that lim D(h,) = limD(k,) + D(h,), letk = lim k,, + h; = lim h, then k in L*,
n-oo n—-oo n—o n—oo

then h < lim h,, = k implies

n—-oco
D(h) < D(k) = lim D(k,,) + D(h,) = lim D(hy). There fore D(h) < lim D(h,).

n-o n—-oo n-o

Hence (Q,L*, D) is a Daniell space.
to prove that (2, L*, D) is complete space.
Leth, € L*,h, = 0foreachn = 1,2,...and h = };;°_; h,,, we must prove that h € L*.
Since h,, € L* then by (1.2.9 (3)) there exist a sequences of positive functions {g,,,} In L for each n such that
hy =Xmeiknm.thenh =32 hy =0 Ymci knm = 2Xnm=1knm then h € L* since L c L".
Therefore (2, L", D) is a complete Daniell space.
Theorem3.6:
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Let (©, L*. D) be a complete Daniell space and f,, € L* we have,||Y5-; f.ll < DX i)
Proof:
Let f € L7, since |Xn=q full = Ifs + -+ Ll S Nfall + -+ Nfull = DA+ -+ 11 /2D

=D(fi + -+ ful).
Theorem3.7: Let (Q, L*. D) be a complete Daniell space then,
Ifl el
DUfD = lim D(Ify + -+ + ful),

ID(f1) + D(f2) + - I < D(fD.

Proof:

Let g, = Ym=q fufor neN and hy = |f|landh, = |gn| — |gn-11for n = 2we will show that|f| = hy + |fi] —
Ifil + hy + 1ol = If2l + - since [y | = [1gn] = |gn-1ll < 1gn = Gn-1] < |fn I we have, hyll + 11 + 121l +
IRl + 20+ 20+ - < 32521 Ifall < oo

If [hy QL+ AN+ NGO+ [ GOl + IO+ If2(x)Il + -+ < cofor some x € (2, then

Y1 Ifa (Ol < oo and consequently 3771 £, (x) = f(x). Hence Y7Ly hy(x) = lgm (Il = 1X7=1 /GOl =l
f(x) llas m — oo. we obtain that |f| € L*.

Since D|f| = D(hy) + DIf;| — DIf1| + D(h;) + DIfz| = DIfz| + - = TIL%D(M + -4+ hy,) = ii—tgoDlgnl =

lim D|f; + -+ + fyl.
n—-oo

Since || Xnz1 Dfa IS DIXnty fal = DIgml = DIfy + - + ful,

we havellDf, + Df; + Il < lim DIfy + -+ fu| = DIf].

Theorem 3.8:

The integral is a linear operator from the complete Daniell space to the Daniell functional.
That is,||D(F)Il < D(IfDfor all f € L*

Proof:

Linearity follows easily from the fact that, if = Y0_; f, , 9 = Yneq1 gnand ¥ € R, then
frg=hH+91+ o+t GoaaVf = XiaV

By part (3)of theorem 3.7 since [[ID(f)l = ID(Xr=1 )l = ID(f1) + D(f2) + -l < D(SD.

The Complete Daniell Space as a Banach Space
in this section we proved that the normed space method can be applied to Daniellintegrable functions and show
that the complete Daniell space is complete with respect to the norm .
we will start this section with the following definition.
Definition 4,1, [2]:
Let(2, L, D) be a Daniell space and let f, f;, € L,n € N, we say that,

fr converges in norm to f, denoted by f, fif Jffu — fIl » 0asn — oo,
{f..} is a cauchy in norm , denoted by f,, Cauchy i.n., if

— full = 0asn,m - oo.

Example 4.2:

Let F = [0,1] define h,,, = I[O%]then R io since ||h,, — O]l = |lh,ll =D (1[0%]) = % —>0asn - oo,
Theorem 4.3:

Let (22, L, D) be a Daniell space and let f € Land f = lim f;, then f, ﬂf
Proof: o

Lete > 0, since f = lim f;, there is k € Z*, such that |f,, — f| < e forall n = k, then D(|f,, — f]) < € for all
n—-oo

n = k There fore f, L—>n'f.
Remark 4.4:
If (2, L, D) be a Daniell space. We will denoted to the space of equivalent class in L by £ and [f]be the
quivalence class of f € L such that [f] = {g € L: D(|f — g|) = 0}.
To prove that ~¢ be an equivalent relation on § we have to show that ~ is,
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Reflexive: Let€ S, |f — f| = |0] = 0, then D(|f — f|) = D(0) = 0,s0 D(|f — f|) = 0. Therefore f ~¢ f.
Symmetric: Let f,g € Land f ~; gthenD(|f —g|) =0=D(lg — f [)hence g ~f f.
Transitive: Let f,g,h € Lwith f ~ gand g ~ hthen |[f —h| = |f —h+g—g| < |f — gl +1g —hl,s0
If =hl < |f —gl+1g—hlthen D(If —hD) < D(f — gl +1g —hD) =D(f —gl) + D(lg — hl) = 0, then
D(|f —h|) < 0andsince |f —h| = 0,then D(|f — h|) = D(0) = 0, implies D(|f — h|) = 0, and hence
D(If — h|) = 0. Therefore f ~; h.
Theorem 4.5:
The space of equivalent class (12, £, D) is a subspace of (2, L, D)
Proof:
Itisclearthat L € L,
Let[f],[g] € Lthen[f] + [g] ={h € L:D(If —h) =0)}+{j € L: D(lg —j) =0} ={h+j € L: D(If —
h)+D(g—j=0}={h+jeL:DUf —hl+1g—jD =0 ={h+j€L:D(f + gl - |h+jD =0} =
[f + gl. Therefore [f] + [g] € £
Let[f]€ Land A € R, then A[f]1=A{g € L:I°(|f — gl =0)}={Ag e L: AD(|f —g) =0)}={h=Ag €
L:D(JAf —h| =0)} ={h € L: D(|Af — h| = 0)} = [Af].Therefore A[f] € L.
Theorem 4.6:
The normed space (£, ||-||)is a Banach space.
Proof:
Let {f,,}be a Cauchy sequencein L then for every £ > 0 there exist s € Z* such that || f;, — /|l < & for all

n,m = s, suppose that f,, — f we must prove that f isin §, since f = lim f,by (4.3) we have f, Tif.
n—-oo
Theorem 4.7:
Let(2, L, D) be a Daniell space and let f, f,,, 9,9 € S,n € Nand A € R, such that f, fifand In ﬂ'g then,

(D) fn Cauchy a.u,
@ M-S

@  htaof+g
@) Il S1£1,

6 D)D)

)

()

©)

(4)

()

Proof:

) in.
Since f, = f then ||f, — fll = D(If, — f]) - Oas
n — ocoimplies that f, is a Cauchy sequence in norm.

Since f, - f then [If, — fIl = D(If, — fI) - O as
n -, A, = fll = AD(f, — £1) = D(AUf — £D) = DUAS, = AFD) = lIAf, — Afll » 0asn — oo,

thereforelf, — Af.

Since f, L'—>n'fthen Ifr. — fll = D(f;, — f]) » 0asn — oo and since g, ﬂ'g then
lgn — gll = D(lgn — g1) = 0 as n — ootherefore

(e + 90) = F + DI =D + 90) — F + 9D
=D =+ Gn=9D =Dfa = fD + D(Ign — gl) > 0asn — oo then

I(f + gu) — (F + @Il » 0 as n — oo, Therefore £, + g, — f + g.

since f, — f then ||, — fIl = D(If, — f1) = 0as
n = oo, then [[Iful = IfIll = D(|Iful = If1]) < D(Ifyu = f1) = 0 as n - cothen [l|f,] = If ]Il > Oasn >

coTherefore|f,| = If].

since £, 5 f then [Ify, — £1I = D(Ify — f1) - 0as
n — oo, then ||D(f,) = DOl = ID(fn) = DA = ID(f, — HI < D(f — f1) = 0 asn - oo. Therefore

D(f) S D).
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Theorem 4.8:

Let (Q, L*. D) be a complete Daniell space then for every € > 0 there exist a sequence of functions {f,,} such that
f=Xu= frand X (1ol S DD + €

Proof:

Let f = g, + g, + --- be an arbitary expansion of f. Then there exists an a, € N such that },_q +1D(1gx]) < ;
. Define f; = g1 + - + gq, and f, = Gasq,-1 forn = 2.

Then obviously f = f; + f, + -+, sinceD(|f1]) = D(If) < D(Ify — fD and f — f; = fo + f3 + -+, we get
D(1il) =D(f) = Xn=2 D(/ul) and hence, D(f;1) — Xaz2 D/ < DAUfD

Consequently,X7_; D(fp) = D(Ifi]) + X352 D(f) = D(IfAD — X3=2 D(fp) + 2E5=2 D(f) < D(IfD +
2Yn=2 D(ful) = DUSD + 2 Xnns+1 DUgal) <DAfD + e

Theorem 4.9:

let(Q, L*. D) be a complete Daniell space, then f; + f, + ---.= fi.n,andD(f) = D(f1) + D(f,) + -

proof:

Let € > 0 be arbitrary and let ¢, + &, + --- be a series of positive numbers whose sum is €. By theorem 4.8, we
can choose expansions f; = fi; + fi, + -, (i = 1,2,..),where f;; € L*, such that D(fi;) + D(fip) + - <

D(f;) + g, forall i € N. Let g, + g, + ---be a series of functions in L*which is composed of all the series in
(4.1). Then from (4.2) we obtain D(g,) + D(g,) + - <M + & + &, + -~ where M = D(f;) + D(f3) + -,
Moreover, if the series (4.3) converges absolutely at a point x € 2, then esch of the series in (4.1) converges
absolutely at that point, and consequently g;(x) + g,(x) + - = f(x) + fo.(x) + -+ = f(x)at that x. This
proves that f is Daniellintegrableand D(f) = D(g,) + D(g,) + -+ = D(f;) + D(f3) + -+, Moreover, since for
everyn € N.f — fi == fo = far1 + farz + o wehave lIf — fi — = foll, < Xilnyq llficll; = Oasn — oo,
which meansthat f; + f, + .- = f i.n.

Theorem 4.10

Let (©, L*. D)be a complete Daniell space and fi, f>, ... € L and Y|l (f)ll < oo, then there exists f € L* such
that f = Xozq fo-

proof:

Let fu for - € L' and Bl (£)] < oo, Define £(x) = (2i=1/n 0D oy 11 ()] < o, then £ = B2, £,
implies that f € L".

Theorem 4.11:

the space ((Q, L*. D), ||-]|) is complete

Proof:

We will prove that every absolutely convergent series converges in norm.

If Yo (i)l < oo, for somef,, € L*, then by theorem 4.10, there existf € L*such thatf = >.7°_; f,,, by theorem
4.9, that the series Yo, fpcoOnvergesto f in norm.
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