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Page Number: 648 - 654 Let G be non-trivial graph. A subset D of the vertex set V(G) of a graph G is
\F;glbl;galﬂgnzli%gl) called a dominating set of G if every vertex in V — D is adjacent to a vertex in D.
' The minimum cardinality of a dominating set is called the domination number and is
denoted by y(G). If V — D contains a dominating set S of G, then S is called an
inverse dominating set with respect to D. In an inverse dominating set S, every pair
of vertices u and v in S such that (deg(u),deg(v)) =1, then S is called
relatively prime inverse dominating set. The minimum cardinality of a relatively
prime inverse dominating set is called relatively prime inverse dominating number
and is denoted by ¥, (G). In this paper we find relatively prime inverse dominating
number of some jump graphs.
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1 Introduction

By a graph, we mean a finite undirected graph with neither loops nor multiple edges. For graph
theoretic terminology, we refer to the book by Chartrand and Lesniak [2]. All graphs in this paper are
assumed to be non-trivial. In a graph G = (V, E), the degree of a vertex v is defined to be the
number of edges incident with v and is denoted by deg(v). A set D of vertices of graph G is said
to be a dominating set if every vertex in ¥V — D is adjacent to a vertex in D. A dominating set D is
said to be a minimal dominating set if no proper subset of D is a dominating set. The minimum
cardinality of a dominating set of a graph G is called the domination number of G and is denoted by
y(G). Kulli V. R. et al. introduced the concept of inverse domination in graphs [6]. Let D be a
minimum dominating set of G. If V — D contains a dominating set S, then S is called the inverse
dominating set of G with respect to D. The inverse dominating number y~%(S) is the minimum
cardinality taken over all the minimal inverse dominating set of G. A Fan graph F,,, is defined as
the graph join K,,, + B,, where K,, is the empty graph on m nodes and B, is the path graph on n
nodes. The case m = 1 corresponds to the usual fan graph, while m = 2 corresponds to the double
fan[8]. A dumbbell graph, denoted by D, ., is a bicycle graph consisting of two vertex- disjoint
cycles C,, C, and a path P.,;(c = —1) joining them having only its end-vertices in common with
the two cycles[7]. The book graph is defind as the cartisian product of star graph S,, and path P,[3].
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A set SC I is said to be relatively prime dominating set if it is a dominating set with at least two
elements and for every pair of vertices u and v in S such that (deg(u),deg(v)) =1. The
minimum cardinality of a relatively prime dominating set of a graph G is called the relatively prime
domination number of G and is denoted by y,,4(G) [4]. The purpose of this paper is to study about
the concept of relatively prime inverse domination on jump graphs.

Definition 1.1 [5]Let D be a minimum dominating set of a graph G. If V — D contains a
dominating set S of G, then S is called an inverse dominating set with respect to D. If every pair of
vertices u and v in S such that (deg(u),deg(v)) =1, then S is called relatively prime inverse
dominating set. The minimum cardinality of a relatively prime inverse dominating set is called a
relatively prime inverse dominating number and is denoted by y,,,' (G).

Definition 1.2 [1]The jump graph J(G) of a graph G is the graph whose vertices are edges of G,
and where two vertices of J(G) are adjacent if and only if they are not adjacent in G. Equivalently
the jump graph J(G) of G is the complement of the line graph L(G) of G.

Example 1.3 Consider the graphs G and J(G) which are given figure 1.1. Clearly, {e;,e,} is a
minimum dominating set of J(G) and {e,4, es} is a corresponding minimum inverse dominating set
and so y,,YJ(G) = 2.

Figure 1.1

2 Known Results

Theorem 2.1 [6] If G is a graph with no isolate vertices, then the complement V — S of every
minimal dominating set S is a dominating set.

2 if3<n<5
Theorem 2.2 [?] Forapath By, ¥ (B) =13  if n=6,7
0 otherwise

3 Relatively prime inverse domination on jump graph

Theorem 3.1 For the path graph B,, y;pl(](Pn)) = {g :;j;i:lerzwsise'

Proof. Let v v,...v, bethe path P, and J(B,) be the jump graph of B,. By the definition of jump
graph, edges which are adjacent in B, are not adjacentin J(B,). Denote e; = v;v;41, 1 <i<n-—1.
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Clearly, V(J(B,)) ={e;/1<i<n-—1} and EJ(R,)) ={eiej/1 <i,j<n—-1,j#i+1,i—1}.
Let D be a minimum dominating set of J(B,) and S be minimum relatively prime inverse
dominating set of J(B,) with respect to D. We now consider the following two cases.

Casel. 2<n<4

If n = 2,then J(B,) = K; and hence v, (J(B,)) =0.

If n =3, then J(B,) = K; UK; and if n = 4, then J(B,) = K; U P,. In both cases J(B,) has an

isolated vertex and by Theorem 2.1, relatively prime inverse dominating set does not exist and so
_1 —

Vrp U(Pn)) =0.

Figure 3.1
Case2. n>5

In J(B,), the vertex e, _; isadjacentto all vertices except e,_,, and so a minimum dominating set of
J(P) is D = {e,_1,en_>} and a corresponding inverse dominating set S = {eq,e,}. Also in J(P,),
deg(e;) =n—3 and deg(e;) =n—4 and so (deg(ey),deg(e;)) = (n—3,n—4) = 1. This
implies that S is a minimum relatively prime inverse dominating set of J(B,) and so yr;}(](Pn)) =
2.

Thus the theorem follows from cases 1 and 2.

Figure 3.2

3ifn=4

Theorem 3.2 For the fan graph F, ,,, yr‘pl(](FLn)) = { 0 otherwise’

Proof. Let v, v,....v, be the path B,. Add a new vertex v, which isadjacentto v;, 1 <i <n.The
resultant graph is the fan graph F;, with vertex set V(F;,) = {vo,v;/1 < i < n} and edge set
E(F1n) = {vov;, ViViy1, VoVn/1 < i < n —1}. Let J(F;,) be the jump graph of the fan graph F, ,,.
Denote the edges v;v;q by e; and vov; by ef, 1 <i<n-—11<j<n. Clearly, V(J(F1,)) =
{enej/1<i<n—-11<j<n}and EJ(Fin)) = {ei¢jeiex/1<i#j<n-11<k<n, and
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i#j or j#i+1,i—1}. Let D be a minimum dominating set of j(F;,) and S be a
corresponding minimum relatively prime inverse dominating set of J(F; ). We now consider the
following two cases.

Casel. n=2

Clearly, J(Fy ) isthe totally disconnected graph 3K;. By Theorem 2.1, inverse domination set does

not exist and so v, 1(J(Fy2)) =0.

ignre 3.
Fig 3.3

Case2. n=3
In this case J(F;3) = 2K, U K;. By Theorem 2.1, relatively prime inverse dominating set does not
exist and so y,,' (J(Fy3)) = 0.

N En
) €1 Uy €p Uy V =

NG

Un

Figure 3.4

Case3. n>4
In J(Fy,), the vertex e, is adjacent to all vertices except e,,eq, e;; e; is adjacent to all vertices
except ej,e/,2 < i <n; e, is adjacent to e;,3 < i < n except all other vertices. In J(F;,), a
minimum dominating set D = {e;, e;, e5} and a corresponding minimum inverse dominating set S
= {ep-1,€p-_1,en}. Also in J(F;,), deg(e,—1) = 2n—75, deg(e,—,) =n—3 and deg(ey) =
n—2. Now (n—3,n—2) =1. Clearly, 2n —5 is odd and neither a multiple of n — 2 nor a
multilpeof n —3 andso (2n—5n—2) = (2n—5n—3) = 1. Thus, S isa minimum relatively
prime inverse dominating set of F; ,, and so y,,'(J(F1,)) = 3.
Thus the theorem follows from cases 1, 2 and 3.
Example 3.3 Cosider the graphs F; 5 and J(F; 5) which are given in figure 3.3. Clearly {e;, e;,e;}
is a minimum dominating set of J(F;5) and {e, ey ec} is a corresponding minimum inverse
dominating set. Hence,
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Vrp U(F15)) =3.

Theorem 3.4 Let G be a dumbbell graph D, .. Then v, (J(G)) =2if n = 3.

Proof. Consider the two cycles uyu u,...u,—; and vyv,v,...v,_4.Joining the vertices u, and v,.
The resulting graph G is the dumbbell graph Db,, with vertex set V(G) = {u;,v;/0 <i <n— 1}
and edge set E(G) = {uovo, Uoly, Willj1, VoVi, VjVj4q /i=1,n—1and 1 <j<n-—1}. Let
J(G) be the jump graph of the graph G. Denote the edges uyvy = ey, UgU; = €1, UgUp_1 = €p,
Ujlljpq = €41, VoVyL = €1, VoUp_g =€y, and v;v;,, =ei, 1 <i<n-—2. Clearly V(J(G)) =
{en,eiei/1<i<n} and E(J(G)) = f{epei eoe e, ejep/2<i<n—-11<jk<n, and
j#k—1,k k+1}. Let D be a minimum dominating set of J(G) and S be a minimum relatively
prime inverse dominating set with respect to D of J(G). In J(G), deg(ey) = 2n —4,deg(e,) =
deg(e,) = deg(e;) =deg(e;) =2n—3 , deg(e;)) =deg(ej) =2n—22<i<n-1. The
degree sequence of J(G) is (2n—22n—2,...,(2n—4) times, 2n—3,2n—3,2n—3,2n —
3,2n —4) and so J(G) contains distinct degrees 2n — 2,2n — 3 and 2n —4 with 2n — 2 and
2n — 4 are even. In J(G), the vertex e, is adjacent to all vertices except ey, e, and e, the vertex
e, is adjacent to all vertices except e; and e; and so D = {e;, e;} is a minimum dominating set.
Clearly, a minimum inverse dominating set in J(G) with respect to D is S = {e;,e,} and
(deg(ey),deg(ez)) = (2n — 3,2n — 2) = 1. This shows that y,3,' (J(G)) = 2.

DIi.J_'{

Theorem 3.5 For the book graph By, ¥y, (FiBy)) £@.

Proof. Let vy, vy,...,v, and ugp, uy,...,u, be the two copies of star K; ,, with central vertices v,
and g, respectively. Join u; with v; for 0 < i < n. The resultant graph is the book graph B,, with
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vertex set V(B,) = {ug, vo,u;, v;/1 < i <n} and edge set E(B,) = {ugvo, U;jv;, U, vov;/1 <
i <n}. Let J(By,) be the jump graph of the graph B,. Denote the edges uyvy by eq, uou; by e;,
vov; by e/, wv; by e/',1 < i <n.Clearly V(J(B,)) = {eo, €5, €, e;/1 <i<n}and E(J(By)) =
{eoei",el-e]f', eiex, ei'e]f', el'em/i#j,k,l+m1<ijklm<n} . In J(B,) , deg(e) =
n,deg(e;)) = deg(e;) =2n—1 and d(e;/)=3n—-21<i<n . Let D be a minimum
dominating set of J(B,,) and S be the minimum relatively prime inverse dominating set of J(B,). In
J(Bp), the vertex e; is adjacent to all verteices except eg, e;’,eq,€5,...,€i_1,€i41,.--, €, and the
vertex e;’ is adjacent to all vertices except e;,e; andso D = {e;,e;'} is a minimum dominating set
and a minimum inverse dominating set S = {ej,ej'} where 1<i=j<n. Now in J(B,),
(d(ej),deg(e")) = (2n —1,3n — 2) =1,since 3n — 2 can’tbe a multiple of 2n — 1. This implies
that S is a minimum relatively prime inverse dominating set of J(B,). Hence, y,,'(J(By)) = 2.

Example 3.6 Consider the book graphs B, and its jump graphs J(B,) which are given in figure 3.7.
Clearly, {e,,e;'} is @ minimum dominating set of J(B,) and {e,, e;'} is a corresponding minimum
inverse dominating set. Hence y,,,' (J(B4)) = 2.

4 conclusion Figure 3.7

In this paper, we have found the relatively prime inverse domination on line graph of some standard
graphs like fan graph, dumbell graph, book graph, comb graph, sunlet graph, pan graph, and ladder
graph .

References

[1] G. Chartrand, H. Hevia, E.B. Jarrelt, M. Schultz, Subgraph distances in graphs defined by edge
transfers, Discrete Math. 170, 1997, 63-79.

[2] G. Chartrand, L. Lesniak, Graphs and Digraphs, fourth ed.,CRC press, BoCa Raton, 2005.

[3] J. A. Gallian, A dynamic survey of graph labeling, The electronics Journal of Combinatories,
Vol.16, article DS6, 2018.

[4] C.Jayasekaran and A. Jancy vini, Results on relatively prime dominating sets in graphs, Annals
of Pure and Applied Mathematics, Vol.14 (3), 2017, 359 — 369.

[5] C. Jayasekaran and L. Roshini, Relatively prime inverse dominating sets in graphs, Malaya

Vol. 70 No. 2 (2021) 653

http://philstat.org



Mathematical Statistician and Engineering Applications
ISSN: 2094-0343

Journal of Matematik, Vol.8(4), 2020, 2292-2295.

[6] V.R. Kulliand S. C. Sigarkant, Inverse domination in graphs, Nat. Acad Sci. Letters, Vol.14,
1991, 473-475.

[7] J.F. Wang, Q. X. Huang, F. Belardo, E.M. Li Marzi, A note on the chartacterizations of
dumbbell graphs, Linear Algebra Appl, 431, 2009, 1707-1714.

[8] Weisstein, W. Eric, Fan Graph, From MathWorld.

Vol. 70 No. 2 (2021) 654

http://philstat.org



