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1 Introduction
By a graph G = (V,E) we mean a finite, connected, undirected graph with neither
loops nor multiple edges. The order |V| and size |E| of G are denoted by p and gq
respectively. For graph theoretic terminology we refer to West[9]. For vertices x and y in a
connected graph G, the detour distance D(x,y) isthelength ofalongest x —y pathin G[1].
An x —y path of length D(x,y) is called an x —y detour. The closed interval Ip[x,Vy]
consists of all vertices lying on some x —y detour of G.For § € V,I,[S] =Uyyes Ip[x,y]. A
set S of vertices is a detour setif I5[S] =V, and the minimum cardinality of a detour set is the
detour number dn(G). A detour set of cardinality dn(G) is called a minimum detour set [2].
Aset SCV(G) inagraph G is a dominating set of G if for every vertex v in V-S§,
there exists a vertex u €S such that v is adjacent to u. The domination number of G,
denoted by y(G), is the minimum cardinality of a dominating set of G[3]. The complement G

ofagraph G alsohas V(G) asits pointset, but two points are adjacent in G ifand only if they
are not adjacent in G. A set S € V(G) is called a global dominating set of G if it is a
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dominating set of both G and 5[7].
A graph is k-regular if every vertex has degree k. The girth of a graph is the length of its
shortest cycle.[5]

Definition 1.1 Let G = (V,E) be a connected graph with atleast two vertices. A set S ©
V(G) is said to be a detour global dominating set of G if S is both detour and global
dominating set of G. The detour global domination number, denoted by y,(G) is the
minimum cardinality of a detour global dominating set of G and the detour global dominating
set with cardinality y,(G) is called the y4-setof G or y;(G)-set.[4]

In 2015, N. Mohanapriya, et. Al. [6] investigated the domination number and its
parameters for four regular graphs G(n) on n vertices with girth 3. In 2019, Primo Potocnik
and Jano Vidali[8] studied girth regular graphs. In 2020, C. Jayasekaran, S. Delbin Prema and S.V.
Ashwin Prakash[5] studied irredundance and domination number for six regular graph with girth
3. This motivated us to determine detour global domination number for k-regular graph with
girth 3 where k is even.

In Section 2 we deal with the structure for 4 regular graph with girth 3 and 6 regular graph
with girth 3.

In Section 3 we introduce detour global domination number for k-regular graph with
girth 3 where k is even and condition for minimum number of detour global dominating set.

2 Basic Definitions

Definition 2.1 If v, is adjacent with v,_q,v,,V,,V3; U, is adjacent with v,,Vq,V3, Vs V; IS
adjacent with v;_,,V;_1,Viy1,Vis2, Where i=3 to n—2, wv,_, Iis adjacent with
VUpn—_3,Vn_2,Vn, V1 and v, is adjacent with v,_,,v,_1,V1,V, Such that v,v,---v, forms a
cycle, then clearly each vertex is of degree 4. Hence, the graph has 2n edges. Thus, from the
construction, we have a 4-reqgular graph of girth 3 with n vertices and 2n edges. In Figure 1, a
four regular graph on n vertices with girth 3 is shown.

Figure 1 : G(mn,4,3)
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Definition 2.2 If wv; is adjacent with v,_5,Vy,_1,V,, Vs, V3, Us; U, IS adjacent with
VUpn—1,Vn, V1, V3, Vs, Us; V; IS adjacent with v;_3,Vi_5,Vi_1,Vit1, Viy2, Vivs, Where i =3 to
n—2, v,_1 Iis adjacent with vV,_4,Vp_3,Vp_2 Vn,V1,V, and v, is adjacent with
Vp—3,Vn—2,Vn-1,V1, V2, V3 Such that v,v,--v, forms a cycle, then clearly each vertex is of
degree 6. Hence, the graph has 3n edges. Thus, from the construction, we have a 6-regular
graph of girth 3 with n vertices and 3n edges. In Figure 2, a six regular graph on n vertices
with girth 3 is shown.

Figure 2 : G(n,6,3)

3 Detour global domination number for k-regular graph with girth 3

Definition 3.1 If v, is adjacent with Un—(5—1)’ "t Vn-2)Vn—1,Vn, V2, V3, Vk i V2 is adjacent
2 2
with Un—(E—Z)’ "y Un, U1, V3, Vg, 0, Vk 3 U is adjacent with
2 2

V. kot Vie, Vie, Vg1, Vigos " VL ko where (=3 to n—2, wv,_, is adjacent with
2 2

Ve v Uno3,Un_2,Vn, V1, V2, ", Vk_ and Up is adjacent with
n-(G+1) >~
V_ kot VUp_2,Vn_1,V1,Vp,+, Vk Suchthat v,v, v, formsacycle, then clearly each vertex is

2 2
of degree k. Hence, the graph has nz—k edges. Thus, from the construction, we have a k-regular

graph of girth 3 with n vertices and n?k edges where k is even. In this section we denote the k
regular graph on n vertices with girth 3 as G(n, k, 3).
n if n=k+1

. ' > V, =
Theorem 3.2 For any integer n =k + 1,7,(G(n, k, 3)) {[ﬁ] for n>k+2

Vol. 71 No. 353 (2022) 310

http://philstat.org.ph


http://philstat.org.ph/

Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

Proof. Let vy,v,,v3,:+,v, be the vertices of G(n,k,3) such that v;v,v;5 - v,v; forms a
cycle. Now considerfor n =k + 1, G(k + 1,k,3) isisomorphicto Kj,;. We know that all the
vertices are isolated vertices in the complement graph of G(k + 1, k, 3). Therefore, the detour
global dominating set must contain all the vertices of G(k + 1,k,3) and so, for n =k + 1,
Va(G(k+1,k,3)=k+ 1.

Now consider for n > k + 2, starting with the vertex v; for 1<i<n N[y]=
{vi_E,---,vi_z,vi_l, vi,vi+1,vi+2,---,vi+5} where the suffices modulo n and |N[v;]| =k + 1.

2 2

Now, we choose the next vertex to be Vjixy1 Where, N[Viixs1] =
{vi+§+1'""Vi+k—1;vi+k;vi+k+1; vi+k+2;vi+k+3;"',vi+32_k+1} . Clearly, N[v;] # N[Vi1p41]
Proceeding like this we obtain a set § = {vi,vi+k+1,vi+2(k+1),---,vi+([k_r+11]_1)(k+1)} which
dominates every vertices in G(n, k, 3). Also, v; — V4,41 detour path covers all the vertices of
G(n, k,3).As aresult, S isa minimum detour dominating set. We now show that S is a global
dominating set of G(n,k,3). In G(n,k,3), N[v;]UN[Viyrs1] =V(G(n, k,3)) . Since
Vi, Vizk+1 €S , S is a dominating set of G(nk,3) . Therefore, S=
Vi Vidks1 Viea (k1) “"vi+([kn?]—1)(k+1)} is @ minimum detour global dominating set for 1 <

i <n and the suffices modulo n and hence, y4(G(n, k,3)) = |S| = [ﬁ] for n >k + 2.

Example 3.3 Consider the graph G(12,8,3) given in Figure 3. for which the minimum detour global

dominating sets are {v1, v10} {v2, v11} {vs, v12} {va, v1}, {vs, v2}, {ve, v3},
{v7,v4}, {vg, vs}, {vg, V6 }, {V10, V7 }, {v11,vg} and {vi,v9} and hence by Theorem 3.2,

7a(G(1283) = [7] = 2.

(EN
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S
S

/
-
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Figure 3 : G(12,8.3)
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Theorem3.4in G(n,k,3), for n>k+ 1 andif n is a multiple of k + 1, then G(n,k,3)
contains only k + 1 minimum detour global dominating set.

Proof. Let G(n, k,3) be a k-regular graph with girth 3 where k is even and n be a multiple
of k+ 1. Then n=(k+1)m where m>1.If m=1, then G(n,k,3) =G(k+1,k,3) =
Ky ,1 which contains every vertices of G(k + 1,k,3). Hence, for n = k + 1 there exists only
one minimum detour global dominating set. Now consider for n = (k + 1)m,m = 2 where the
minimum detour global dominating sets is S = {vi,vi+k+1,vi+2(k+1),---,vH([ﬁ]_l)(Hl)} =

Vi Vitks 1 Vivagerr) - Viem-1k+1)3 = Wi Vidkr 1 Vie2@er) o Vien—e+yt for 1 <0<
n,m = 2 and the suffices modulo n.

Now we consider the following two cases for m = 2 and m > 2.
Casel. m=2

Here, G(n,k,3) = G(2(k + 1), k, 3). Then The minimum detour global dominating sets
are  {vy, Vs2} {V2, Vier3b {V3, Viwad - {Vko Vars1}  and {Vgy1, Vags2} - Thus, G(nk, 3)
contains only k + 1 minimum detour global dominating sets.

For example consider the graph G(n, 6,3) = G(14,4,3), given in Figure 4. The minimum
detour global dominating sets are {vy,vg}, {v,, Vo}, {v3, V10} {Vs, V11}, {Vs, 12} and {ve, v43}.
Thus, G(n,6,3) contains only 7 minimum detour global dominating sets.

v

Figure 4 : G(14,6. 3)

Case2. m > 2
The minimum detour global dominating sets are S; = {V;, Viyk41, ") Vitn—(k+1)} Where
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1<i<n and the suffices modulo n . Here, S ={v, V42" Vn_ihS2=

{v27vk+3' "'rvn—(k—l)}' "')Sk = {vk) V2k+1, "'ivn—l}' and Sk+1 = {vk+1' V2(k+1) "'rvn} :

Proceeding like this we get S, = {V, Vpsks1,""") Vpsn—k+1)} for k+2 <p <n. Since the

suffices are modulo n, S, is either §; or S, or --S; or Sy,, according as p = 1(mod

(k+1)) or p=2(mod (k+1)) or -+ p=k(mod (k+1)) or p=0(mod (k+1)),

respectively. Thus, G(n,k,3) containsonly k + 1 minimum detour global dominating sets.
The theorem follows from cases 1 and 2.

Example 3.5 Consider the graph G(27,8,3) given in Figure 5 where the minimum detour global
dominating sets are {v1, V10, 10}, {V2, V11, V2o ) {V3, V12, Var} {Va, V13, V223,
{Vs, V14, Y23}, {Vs, V15, V24 }, {V7, V16, V2s}, {Ve, V17, V26} and {vg, Vig, Vo7}. Thus, by Theorem
3.4, there is only 9 minimum detour global dominating sets.

Figure 5 : G(27,8,3)
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