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1. Introduction

In a very new and underdeveloped area of computational group theory, computing with matrix
groups over infinite fields presents quite different obstacles than those encountered when
computing with groups over finite fields. [1] One reason is that some classes of matrix groups over
infinite fields make it impossible to solve even the most fundamental computational tasks, such as
membership checking and the conjugacy problem. Matrix entry growth is one example of the kind
of serious complexity problem that can occur. For any category of groups, finiteness proofs are a
fundamental computational problem. As a matter of course, it's possible that finiteness can't be
decided in general. For matrix groups, though, things seem better. Keep in mind that the integral
domain R F generated by the entries of the elements of S .S; is the definition space for a matrix
group given by a finite set S of generators over a field F. For this reason, it is sufficient to build
algorithms just for the fields

F=P(Xy, ..., Xn),
where Xi are independent indeterminates, m = 0, and P is either a number field or a finite field.

Both deterministic and random techniques have been devised by different authors to determine
whether or not a given matrix group over Q is finite. [3] Finiteness testing over any number field is
now possible with the use of these techniques and a standard reduction derived by modelling
algebraic numbers as matrices over Q. However, this strategy can only go so far because increasing
the matrix degree is a time-consuming and resource-intensive process. For deciding finiteness,
groups over functional fields are studied. The importance of computation in matrix algebras is a
recurring issue in these articles. Algorithms in polynomial time have been presented in both zero
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and positive characteristics, although their usefulness is constrained. Not only are there no public
implementations, but there are none available either. A method for determining whether or not a set
is finite differs fundamentally from previous approaches by shifting the ground domain using
congruence homomorphism.

This method is generic and applicable across all domains, with the same implementation. In, the
method was applied to the problem of determining whether or not a given matrix group is nilpotent.
[2] The 'Nilmat' GAP package contains an implementation of algorithms from The effectiveness of
the Nilmat algorithms in testing the finiteness of nilpotent matrix groups over Q at very large
degrees, where other known techniques fail, has been demonstrated experimentally. This research
utilises the method to create workable methods for determining the finiteness of matrix groups over
functional fields. Actually, we take on a more general task, which is to determine whether or not a
given group G is finite, and if it is, then compute |G| (because computing orders is a fundamental
computational problem). Our focus is on the special case of zero characteristics, but we also
provide brief descriptions of related ideas for positive characteristics. Our core approach is now
available in GAP for functional fields over Q. As shown by J.S. Milne (2020), Galois' qualification
between groups simples and groups créatifs as the main polarity in the theory of change groups was
lauded by Camille Jordan in the preface to his Traité, as shown by J.S. Milne (2020). As well,
Jordan began building a database of restricted straightforward groups in the Traite, including the
rotating groups of at least 5 degrees and a sizable chunk of the conventional projective direct groups
over fields of prime cardinality. Ludwig Sylow eventually disseminated his widely held
speculations on classes of prime-force requesting subgroups in. Barring the invention of a
fundamentally new way to rank groups, there can be no straightforward reason why an arrangement
is doable. At least with current methods for order by centralizers of involutions, one concern is that
each basic group must be tested to see if it prompts additional simple groups containing it in the
centralizer. For instance, the infant beast had a double coat when it was discovered, suggesting it
could have been the centralizer of an involution inside a larger, more straightforward group.
However, there appears to be no unguestionable purpose behind why one can't have an endless
chain of bigger and bigger irregular groups, each of which has a twofold cover that is a centralizer
of an involution in the following one, if one doesn't check each restricted fundamental gathering.
Due to this problem (and others), it was unclear until very late in the process whether there would
be a finite or infinite number of inconsistent groups. [5]

2. Changing the Ground Domain Via Congruence Homomorphism
Lemma

So, we'll say that is a unique factorization domain, q is irreducible, and is the primary ideal q of
Let's pretend that the torsion elements of G(n, A, g) aren't all zero.

If Z is a set, then there exists a prime p such that p .

To put it another way, pb =Y7_, (’%) q"~1b’ . For some b eMat(n, A); and
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each torsional component of G(n, A, @) has a p-power order.[4]
Proof:
h €Go have prime order p.

We get h = 1, + gbfor some b eMat(n, A).
Thenl, = h? =1, + pgb + ---..+(’l'%)gibi + .+ gPbP

The binomial coefficients are interpreted modulo char.[7]

Hence

14

Py i1y

ph=-> G a7
i=2

Thus, either q divides p or g divides each element of b. Hypothetically, let's say q doesn't split p. As
a result, a > 1, q “for some positive integer 1, q divides each element of b, while q *"'does not.
However, (1) implies that q **'divides pb, which is obviously false. That's why q is a divisor of p.
Go has an element of prime order r # p if and only if it contains a non-trivial element of p-order.
Therefore, 1 = px + ryfor some X, y € Zis divisible by q since q divides both p and r. Each Gp
torsion element must be a p-element since ¢ cannot be a unit.

Proposition.
In the same way A, g, as in Lemma, we write[8]
G (n, A, o) torsion elements are all t-elements if and only if char A=t>0

(ii) For any prime p Z, let's assume that char = 0 and that neither g nor q 2 divides p. Therefore,
G(n, A, o) is not twisted.

Proof.
If Go has non-trivial torsion, for some primes p and r € A that are not divisible by g, p = grholds.[6]
(ii) For some b, c EMat(n, A) We have b, ¢ € Mat(n, A). As a result, for some o > 1, g “divides each

and every entry in b, while q +1 does not. Since q does not divide r, the contradiction in rb = qb? ¢
is that g 2“*'divides each element of b.
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3. Methods of Calculation Using Groups of Nonnegative Potential Matrix Elements
Nilpotent linear groups can be divided.

In linear group theory, we frequently apply this technique of reducing to the simplest possible case.
Nilpotent linear groups have an easier time with this reduction than arbitrary linear groups do. In
this section, we will think about a computational method for accomplishing the reduction.[9]

Lemma

If and only if [Gy, Gs] = 1, then G is nilpotent because G, and Gsare both nilpotent.
G <G* =Gy x Gg .if and only if G is nilpotent.

Proof.

The homomorphisms g ~g,andg ~gsare defined by the assignments G — Gy, and G —
Ggrespectively, and G* = G, xGs.holds if and only if G is nilpotent. Contrarily, if both G, and G are
nilpotent and [G,, Gs] = 1, then both G* and G < G* are nilpotent as well.

Deciding finiteness.

After verifying that G < GL(n, F), is nilpotent, we can move on to more elementary computational
issues for G, such as checking whether G is finite. [12]Various writers have addressed how to
decide whether or not a matrix group over an algebraic number field or a functional field is finite,
and Beals has published a practical implementation of this idea in GAP for groups over Q. In this
section, we offer a ground-field-independent, generalised method for determining finiteness.

Theorem (Selberg—-Wehrfritz)

Each finitely generated linear group G has a normal subgroup N with a finite index and finite order
elements that are all unipotent.[10]

In particular, G is (torsion-free) by-finite if and only if the character F equals zero.

For the maximum in R, we refer ¢p to it as a SW-homomorphism if and only if N is a congruence
subgroup G,,.

The value N as a G, is not produced in the proof of the Selberg-Wehrfritz theorem.

IsFinite(S)

The input will be a finite subset S of GL(n,R), R is a character vector with the least significantR =
p=0.

The output will be true if and only if G = (S) is finite, and false otherwise.
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SW-homomorphism ¢,and compute ¢,(G) < GL(n, q), |R/p| =q.

N:=NormalGenerators(S, ¢,).

Whenp=0and N = {1,},
If either p > 0 or (N)Cis unipotent, return true; otherwise, return false.[11]
Setting virtual property standards

An SF linear group has a unipotent-by-abelian (i.e., triangularizable) normal subgroup of finite
index. This subgroup is used to figure out the Tits class of G, or to see if G is almost solvable
(solvable-by-finite, SF).

The Tits theorem states that if G is not SF, then it must contain a non-abelian free subgroup F.
However, our approach does not generate such a subgroup.[14]

Our method is novel in that it is consistent and applicable to any F.

Using Wehrfritz's requirements, if G is SF, then G is unipotent-by-abelian
Theorem

Allow G to be solvable-by-finite in G < GL(n, R) and let it be an ideal in R.
If and only if G,, is abelian unipotent,

This means that R has a prime characteristic larger than n, or

If R is a Dedekind domain with zero characteristics, then is a maximal ideal of R, then char(R/p) =
p>2,and pgp"

There is a Zariski connection to G. In.
G,is unipotent-by-abelian for SF if and only if it is an ideal of R such that it is.
We say that it is@, a W-homomorphism if and only if G < GL(n, R),

W-homomorphisms, like SW-homomorphisms, can be built for any fundamental type F, just like
SW-homomorphisms.

IsSolvableByFinite(S)
Finite S €GL(n, R). as input

If G = (S) is solvable by finiteness, then true is returned; otherwise, false is returned.
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Select p € R that is ¢p a W-homomorphism and compute ¢p(G).[13]
N:=NormalGenerators(S, ¢@p).

Finally, if (N)®is unipotent by abelian, then 3 should be returned; otherwise, false should be
returned.

Multiple cycles in one presentation.

The (consistent) presentation of a finitely produced nilpotent group is polycyclic since it is
polycyclic. Gaining access to the many pre-existing algorithms for abstract polycyclic groups is one
advantage of having a polycyclic presentation for a nilpotent subgroup G of GL(n, F).[15]

Let G be a subgroup of GL(n, F) that is created finitely, with F assumed to be perfect for the sake of
brevity. Either G, is not nilpotent or G < (G, Gs)after applying Reduction(G). It is true that [Gy,
Gs] = 1, as Gy is unipotent. The latter case features G, and Gs presentations with many rings. It is
important to remember that the finitely produced nilpotent group Gy < UT(n, F) is unquestionably
polycyclic if we continue on from Reduction(G).

Presentation Nilpotent(G)
Return false if Reduction (G) is not true; otherwise, proceed to step (2).[18]
Find a polycyclic presentation of G that is a subgroup of UT(n, R), where R is a subring of F.

In order to generate a polycyclic representation of yo(Gs), one must first compute a generating set
for yo (Gg).. It should return false if the attempt fails.

Find the generating set of (Gs)o. If (Gs)e is not a pivotal part of Gs, then false is returned. Or, you
may make a polycyclic representation of the finitely generated abelian group (Gs)e.

Combine the presentations of yo(Gs) and (Gs)e found in Methods 3 and 4 to create a polycyclic
presentation of Gs.

Merge the G, Presentation from Step Two with the Gs Presentation from Step Five to obtain the
polycyclic presentation ofGx = G,Gs.

4. Adjoint Representation for Testing Nipotent With an Abelian Series

Techniques based on the properties of nilpotent linear groups for determining whether or not a
matrix group is nilpotent These methods were first developed for groups over finite fields, but they
can be used with groups over any field.[16]

Lemma
Non-trivial torsion for C, is a property of G if and only if it is not nilpotent in the abelian group.
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Proof.

In this scenario, it is assumed that C; does not undergo any torsion. Assume you have a € Z,(G) \
Z(G). Given that there exists a "€ Z(G) such that [g, a] € Z(G) has finite non-trivial order, then am
Z(G) for some m (dividing m). Thus, this goes against [g, a] € A1 < CL

For the sake of argument, let's say G is finite. At that point, we'll be ready to submit an application
to G. This is done by first factorising the cyclic quotients of the refined series into primes and then
verifying that the factors of various primes commute in order to determine whether or not G is
nilpotent. As a result, G's nilpotency can be checked using the algorithm IsNilpotent from. In the
more generic context, we refer to this algorithm as being finitely nilpotent. However, the Sylow
decomposition of nilpotent G can also be obtained using this approach, which takes just finite G <
GL(n, F) as input. estimating whether or not something is finite, infinite, or nilpotent.

Nilpotency testing via change of ground domain and abelian series.

Lastly, we show how to combine our methods in the easiest and most useful way to find out if a
finitely produced matrix group over a perfect field F is nilpotent or not.[17]

The algorithm.

Using Reduction(G) (if F is perfect) and applying a congruence homomorphism to Gs, where
satisfied, IsNilpotentMatGroup checks for nilpotency over an infinite field F. To determine whether
or not m to Gs is satisfied, an abelian sequence of GL nilpotent groups is used, and
IsNilpotentMatGroup checks for nilpotency over an infinite field F.To determine whether Gs is
nilpotentye(Gs) an abelian sequence of wyo (Gs) in GL(n, q)used.This hypothesis can be
investigated because (Gs)e < Z(Gs), is a testable conjecture if G is nilpotent.

The IsNilpotentMatGroup methodology has various benefits. First, we want to avoid potential
problems that arise while calculating over infinite fields by minimising the amount of computation
over the original field F (e.g., a blow-up in the size of matrix entries). In addition, there is a problem
with tight upper bounds on the nilpotency class. TestSeries techniques that depend on a class bound
for the possibly nilpotent group ye(G), to end quickly will end faster if G is nilpotent than if G
were a randomly chosen subgroup of GL (n, q).[15]

Lemma
If Gs is nilpotent and p > n, then any (yo (Gs))upreimage in Gs is centred.

Proof.

Put g €Gs . Then, for some yo (9)u=wvo (g ! )and for some yp (g’pk )=1ie,

g’pke (Gs)o < Z(Gs). g ' € Z(Gs). is a corollary of the previous statement . yo(Gs) suggests that, if
is selected so that p > n, we can anticipate (Gs) to be totally reducible. Of course, if n is huge, it is
better to work with p <n.[19]
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5. Conclusions

In addition to these primary functions, 'Nilmat' also has tools for determining whether or not a
group is finite, computing the order of a finite nilpotent group, locating the Sylow system of a
nilpotent group over a finite field, and determining whether or not the group is totally reducible.
Nilmat also includes a collection of primitive groups that are nilpotent over finite fields.
[20]Because of the significance of nilpotency in group theory, checking for it is a fundamental
feature of any computational group theory system. Here, we offer the first general and efficient
method for working with infinite nilpotent matrix groups in computation. Some of the nilpotency
testing methods in GAP and MAGMA fail to decide nilpotency even for tiny finite matrix groups,
and they fail for practically all infinite matrix groups.[7] To address this issue, we have
implemented our algorithms as part of the GAP package 'Nilmat' across finite fields and Q. Since
then, we have achieved significant advancements, especially concerning finite solvable groups.
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