
Vol. 71 No. 4 (2022) 
http://philstat.org.ph 

Mathematical Statistician and Engineering Applications 

  ISSN: 2094-0343 

2326-9865 

4717 

Radius and Diameter of 𝐹-Average Eccentric Graph of Graphs 

T. Sathiyanandham1, S. Arockiaraj2 

1Department of Mathematics, Government Arts and Science College 

 Sivakasi, Tamilnadu, India. sathiyan.maths@gmail.com 

2Department of Mathematics, Government Arts and Science College 

 Sivakasi, Tamilnadu, India. psarockiaraj@gmail.com  

 

Article Info 

Page Number: 4717-4726 

 Publication Issue: 

Vol. 71 No. 4 (2022) 

 

Article History 

Article Received: 25 March 2022 

Revised: 30 April 2022 

Accepted: 15 June 2022 

Publication: 19 August 2022 

Abstract 

The 𝐹-average eccentric graph 𝐴𝐸𝐹(𝐺) of a graph 𝐺 has the vertex set as 

in 𝐺 and any two vertices 𝑢 and 𝑣 are adjacent in 𝐴𝐸𝐹(𝐺) if either they are 

at a distance ⌊
𝑒(𝑢)+𝑒(𝑣)

2
⌋ while 𝐺 is connected or they belong to different 

components while 𝐺 is disconnected. In this paper, the radius and diameter 

of 𝐴𝐸𝐹(𝐺) have been analysed and find the solutions for 𝐴𝐸𝐹(𝐺) =

𝐴𝐸𝐹(𝐺) and 𝐴𝐸𝐹(𝐺) = 𝐴𝐸𝐹(𝐺).  

Keywords: 𝐹-average eccentric vertex, 𝐹-average eccentric graph. 

1.   Introduction 

Throughout this paper, a graph means a non trivial simple graph. For other graph theoretic 

notation and terminology, we follow [7,8,9]. Let 𝐺 be a graph with vertex set 𝑉(𝐺) and edge 

set 𝐸(𝐺). 𝑑(𝑣) denotes the degree of a vertex 𝑣 ∈ 𝑉(𝐺), the order of 𝐺 is |𝑉(𝐺)| and the size 

is |𝐸(𝐺)|. The distance 𝑑(𝑢, 𝑣) between a pair of vertices 𝑢 and 𝑣 is the length of a shortest 

path joining them. The eccentricity 𝑒(𝑢) of a vertex 𝑢 is the distance to a vertex farthest from 

𝑢. The radius 𝑟(𝐺) of 𝐺 is the minimum eccentricity among the eccentricities of the vertices 

of 𝐺 and the diameter 𝑑(𝐺) of 𝐺 is the maximum eccentricity among the eccentricities of the 

vertices of 𝐺. A vertex v is called a peripheral vertex of 𝐺 if 𝑒(𝑣) = 𝑑(𝐺). A vertex 𝑣 is 

called an eccentric vertex of a vertex 𝑢 if 𝑑(𝑢, 𝑣) = 𝑒(𝑢). A vertex 𝑣 of 𝐺 is called an 

eccentric vertex of 𝐺 if it is the eccentric vertex of some vertex of 𝐺. Let 𝑆𝑖(𝐺) denote a 

subset of the vertex set of 𝐺 such that 𝑒(𝑢) = 𝑖 for all 𝑢 ∈ 𝑉(𝐺). The concept of antipodal 

graph was initially introduced by Singleton [1] and was further expanded by Aravamuthan 

and Rajendran [3,4]. The antipodal graph of a graph 𝐺, denoted by 𝐴(𝐺), is the graph on the 

same vertices as of 𝐺, two vertices being adjacent if the distance between them is equal to the 

diameter of 𝐺. The concept of eccentric graph was introduced by Akiyama et al. [2]. The 

eccentric graph based on 𝐺 is denoted by 𝐺𝑒 whose vertex set is 𝑉(𝐺) and two vertices 𝑢 and 

𝑣 are adjacent in 𝐺𝑒 if 𝑑(𝑢, 𝑣) = min{𝑒(𝑢), 𝑒(𝑣)}. The concept of radial graph was 

introduced by Kathiresan and Marimuthu [5]. The radial graph 𝑅(𝐺) based on 𝐺 has the 

vertex set as in 𝐺 and two vertices are adjacent if the distance between them is equal to the 

radius of 𝐺 while 𝐺 is connected. If 𝐺 is disconnected, then two vertices are adjacent in 𝑅(𝐺) 

if they belong to different components of 𝐺. Sathiyanandham and Arockiaraj introduced a 
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new graph, called 𝐹-average eccentric graph [6]. Two vertices 𝑢 and 𝑣 of a graph are said to 

be 𝐹-average eccentric to each other if 𝑑(𝑢, 𝑣) = ⌊
𝑒(𝑢)+𝑒(𝑣)

2
⌋. The 𝐹-average eccentric graph 

of a graph 𝐺, denoted by 𝐴𝐸𝐹(𝐺), has the vertex set as in 𝐺 and any two vertices 𝑢 and 𝑣 are 

adjacent in 𝐴𝐸𝐹(𝐺) if either they are at a distance 𝑑(𝑢, 𝑣) = ⌊
𝑒(𝑢)+𝑒(𝑣)

2
⌋ while 𝐺 is connected 

or they belong to different components while 𝐺 is disconnected. In this paper, the radius and 

diameter of 𝐴𝐸𝐹(𝐺) has been analysed and find the solutions for 𝐴𝐸𝐹(𝐺) = 𝐴𝐸𝐹(𝐺) and 

𝐴𝐸𝐹(𝐺) = 𝐴𝐸𝐹(𝐺). 

Let 𝐹11, 𝐹12, 𝐹22, 𝐹23, 𝐹24, 𝐹3 denote the set of all connected graphs 𝐺 for which 𝑟(𝐺) =

𝑑(𝐺) = 1, 𝑟(𝐺) = 1 and 𝑑(𝐺) = 2, 𝑟(𝐺) = 𝑑(𝐺) = 2, 𝑟(𝐺) = 2 and 𝑑(𝐺) = 3, 𝑟(𝐺) = 2 

and 𝑑(𝐺) = 4, 𝑟(𝐺) ≥ 3 respectively and 𝐹4 denote the set of all disconnected graphs. Next 

we provide some results which will be used to prove some theorems in this paper. 

Theorem A[8] If 𝐺 is a simple graph with diameter at least 3, then 𝐺 has diameter at most 3. 

Theorem B[8] If 𝐺 is a simple graph with diameter at least 4, then 𝐺 has diameter at most 2. 

Theorem C[8] If 𝐺 is a simple graph with radius at least 3, then 𝐺 has radius at most 2. 

Theorem D[7] If 𝐺 is a self centered graph with radius at least 3, then 𝐺 is a self centered 

graph of radius 2. 

Theorem E[6] Let 𝐺𝑖 be a connected graph with 𝑟𝑖 vertices, for 𝑖 = 1,2, . . . , 𝑛. If 𝐺 is the 

union of 𝐺1, 𝐺2, . . . , 𝐺𝑛, then 𝐴𝐸𝐹(𝐺) = 𝐾𝑟1,𝑟2,…,𝑟𝑛
. 

Theorem F[6] Let 𝐺 be a graph on 𝑛 vertices. Then a vertex is a full degree vertex in 

𝐴𝐸𝐹(𝐺) if and only if either it is an isolated vertex or a full degree vertex or a non full degree 

vertex adjacent to the full degree vertices only in 𝐺. 

Theorem G[6] Let 𝐺 be a graph. Then 𝐴𝐸𝐹(𝐺) = 𝐾𝑚 + 𝐾𝑟1,𝑟2,...,𝑟𝑙
 for any positive integers 

𝑚, 𝑙, 𝑟𝑖 and 1 ≤ 𝑖 ≤ 𝑙 if and only if any one of the following holds 

(1) 𝐺 is disconnected with exactly 𝑙 + 𝑚 components and it has at least 𝑚 isolated vertices 

(2) 𝐺 is connected and it has 𝑚 full degree vertices so that the deletion of these full degree 

vertices in 𝐺 forms a disconnected graph with 𝑙 components in which each component is 

complete. 

Theorem H[6] If 𝑟(𝐺) ≥ 2, then 𝐴𝐸𝐹(𝐺) ⊆ 𝐺. 

Theorem I[6] Let 𝐺 be a graph of order 𝑛. Then 𝐴𝐸𝐹(𝐺) = 𝐺 if and only if 𝐺 ∈ 𝐹11. 

Theorem J[6] Let 𝐺 be a graph and let 𝑆3(𝐺) be the set of all vertices of 𝑉(𝐺) whose 

eccentricities are 3. Then 𝐴𝐸𝐹(𝐺) = 𝐺 if and only if any one of the following conditions hold  

(1) 𝐺 ∈ 𝐹22  
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(2) 𝐺 ∈ 𝐹23 and there is no vertex adjacent to atleast two non adjacent vertices in 𝑆3(𝐺)  

(3) 𝐺 is disconnected in which each component is complete. 

2.   Radius and diameter of 𝑭-average eccentric graph of graphs 

In this section, we discuss about the radius and diameter of the graphs obtained from the 𝐹-

average eccentric operation. 

Proposition 2.1. Let 𝐺 ∈ 𝐹4. Then 𝐴𝐸𝐹(𝐺) ∈ 𝐹11 if and only if 𝐺 is totally disconnected. 

Proof. By Theorem G, the result follows.  □ 

Proposition 2.2. Let 𝐺 ∈ 𝐹4. Then 𝐴𝐸𝐹(𝐺) ∈ 𝐹22 if and only if 𝐺 has no isolated vertex. 

Proof. Suppose 𝐴𝐸𝐹(𝐺) ∈ 𝐹22. If 𝐺 has an isolated vertex, then by the definition, 𝐴𝐸𝐹(𝐺) 

has a full degree vertex. Hence 𝐴𝐸𝐹(𝐺) ∈ 𝐹11 ∪ 𝐹12, a contradiction. 

If 𝐺 has no isolated vertex, then by Theorem E, 𝐴𝐸𝐹(𝐺) ∈ 𝐹22.           □ 

Theorem 2.3. Let 𝐺 ∈ 𝐹4. Then 𝐴𝐸𝐹(𝐺) ∈ 𝐹12 if and only if 𝐺 has at least one isolated vertex 

and a non trivial component. 

Proof. Suppose 𝐺 has at least one isolated vertex and a non trivial component. Then by the 

definition, 𝐴𝐸𝐹(𝐺) ∈ 𝐹12. 

Suppose 𝐴𝐸𝐹(𝐺) ∈ 𝐹12. If 𝐺 has no isolated vertex, then by Proposition 2.2, 𝐴𝐸𝐹(𝐺) ∈ 𝐹22, a 

contradiction. If 𝐺 is a totally disconnected graph, then by Proposition 2.1, 𝐴𝐸𝐹(𝐺) ∈ 𝐹11, a 

contradiction. Thus 𝐺 has at least one isolated vertex and a non trivial component.                    

□ Proposition 2.4. Let 𝐺 be a connected graph on 𝑛 vertices. Then 𝐴𝐸𝐹(𝐺) ∈ 𝐹11 if and only 

if either 𝐺 ∈ 𝐹11 or 𝐺 ∈ 𝐹12 in which no two non full degree vertices are mutually adjacent. 

Proof. By Theorem G, the result follows.            □ 

Proposition 2.5. Let 𝐺 be a connected graph on 𝑛 vertices. Then 𝐴𝐸𝐹(𝐺) ∈ 𝐹12 if and only if 

𝐺 ∈ 𝐹12 and at least one pair of non full degree vertices in 𝐺 are mutually adjacent. 

Proof. By Theorem F and Theorem G, the result follows.           □ 

Theorem 2.6. Let 𝐺 be a connected graph with no full degree vertex and 𝐺 ∈ 𝐹4. Then 

𝐴𝐸𝐹(𝐺) ∈ 𝐹4 if and only if 𝐺 ∈ 𝐹22. 

Proof. Suppose 𝐴𝐸𝐹(𝐺) ∈ 𝐹4. If 𝐺 ∈ 𝐹23, then by Theorem A, 𝐺 ∈ 𝐹22 ∪ 𝐹23, a 

contradiction. If 𝐺 ∈ 𝐹24 ∪ 𝐹3, then by Theorem B and Theorem C, 𝐺 ∈ 𝐹22, a contradiction. 

Hence 𝐺 ∈ 𝐹22. 

Since 𝐺 has no full degree vertex, 𝑟(𝐺) ≥ 2 and by Theorem H, 𝐴𝐸𝐹(𝐺) ⊆ 𝐺. If 𝐺 ∈ 𝐹22, 

then by Theorem J, 𝐴𝐸𝐹(𝐺) = 𝐺 ∈ 𝐹4.          □ 
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Theorem 2.7. Let 𝐺 ∈ 𝐹22. Then 𝐴𝐸𝐹(𝐺) ∈ 𝐹22  (or 𝐹23 or 𝐹24 or 𝐹3 or 𝐹4) if and only if 𝐺 ∈

𝐹22  (or 𝐹23 or 𝐹24 or 𝐹3 or 𝐹4, respectively). 

Proof. By Theorem J, the results follows.               □ 

Theorem 2.8. Let 𝐺 ∈ 𝐹23 and has no vertex adjacent to atleast two non adjacent vertices in 

𝑆3(𝐺). Then 𝐴𝐸𝐹(𝐺) ∈ 𝐹22  (or 𝐹23) if and only if 𝐺 ∈ 𝐹22  (or 𝐹23, respectively). 

Proof. By Theorem J, the results follows.               □ 

Proposition 2.9. If 𝐺 ∈ 𝐹23 in which there is a vertex 𝑢 such that 𝑢 is adjacent to atleast two 

non adjacent pairs of vertices 𝑤1 and 𝑤2 in 𝑆3(𝐺), then 𝐴𝐸𝐹(𝐺) ∈ 𝐹23 ∪ 𝐹3. 

Proof. If 𝐴𝐸𝐹(𝐺) ∈ 𝐹11 ∪ 𝐹12, then by Proposition 2.4 and Proposition 2.5, 𝐺 ∈ 𝐹11 ∪ 𝐹12, a 

contradiction. Suppose 𝐴𝐸𝐹(𝐺) ∈ 𝐹22 ∪ 𝐹24 ∪ 𝐹4. Since 𝑢 is adjacent to both non adjacent 

pairs of vertices 𝑤1 and 𝑤2 in 𝑆3(𝐺), both 𝑤1 and 𝑤2 are adjacent to its antipodal vertices 𝑤 

of 𝐺 in 𝐴𝐸𝐹(𝐺). Let 𝑥 be the adjacent vertices of 𝑢 in 𝐺. Then both 𝑤1 and 𝑤2 are adjacent to 

𝑥 and 𝑢 is adjacent to 𝑤 in 𝐴𝐸𝐹(𝐺). So  𝑑(𝑢, 𝑥) = 3 in 𝐴𝐸𝐹(𝐺) and hence 𝑒(𝑢) = 3 = 𝑒(𝑥) 

in 𝐴𝐸𝐹(𝐺), a contradiction to 𝐴𝐸𝐹(𝐺) ∈ 𝐹22. For every pair of antipodal vertex and its 

eccentric vertex, there exists a shortest path 𝑃4 in 𝐺 and 𝐴𝐸𝐹(𝑃4) = 𝑃4 ∈ 𝐹23. So the 

eccentricities of the adjacent vertices of the vertex 𝑣 in 𝑆2(𝐺) are 2 or 3 and 𝑒(𝑣) = 3 in 

𝐴𝐸𝐹(𝐺). Also the eccentricities of the adjacent vertices of the antipodal vertex 𝑤 are 2 or 3 

and 𝑒(𝑤) = 2 or 3 in 𝐴𝐸𝐹(𝐺). Hence 𝐴𝐸𝐹(𝐺) ∈ 𝐹23, a contradiction to 𝐴𝐸𝐹(𝐺) ∈ 𝐹22 ∪

𝐹24 ∪ 𝐹4. Thus 𝐴𝐸𝐹(𝐺) ∈ 𝐹23 ∪ 𝐹3.  □            

Lemma 2.10. If 𝐴𝐸𝐹(𝐺) ∈ 𝐹24, then 𝐺 ∈ 𝐹22. 

Proof. Let 𝑢2
(𝑙)

 and 𝑢4
(𝑙)

 be two adjacent vertices of the peripheral vertex 𝑢1
(𝑙)

 and its eccentric 

vertex 𝑢5
(𝑙)

 in 𝐴𝐸𝐹(𝐺) respectively, where 𝑙 is the positive integer. Then there exists a shortest 

path 𝑃5
(𝑙)

 between 𝑢1
(𝑙)

 and 𝑢5
(𝑙)

 in 𝐴𝐸𝐹(𝐺). Let 𝑃5
(𝑙)

: 𝑢1
(𝑙)

𝑢2
(𝑙)

𝑢3
(𝑙)

𝑢4
(𝑙)

𝑢5
(𝑙)

 be a shortest path 

between 𝑢1
(𝑙)

 and 𝑢5
(𝑙)

. Then 𝑒(𝑢1
(𝑙)

) = 4 = 𝑒(𝑢5
(𝑙)

), 𝑒(𝑢2
(𝑙)

) = 3 = 𝑒(𝑢4
(𝑙)

) and 𝑒(𝑢3
(𝑙)

) = 2 in 

𝐴𝐸𝐹(𝐺). Since 𝐴𝐸𝐹(𝑃5
(𝑙)

) = 𝑃5
(𝑙)

, 𝑃5
(𝑙)

 in 𝐺. So 𝑒(𝑢𝑖
(𝑙)

) = 2 for all 𝑢𝑖
(𝑙)

∈ 𝑃5
(𝑙)

, 1 ≤ 𝑖 ≤ 5. For 

each vertex 𝑢 in 𝐴𝐸𝐹(𝐺) − {𝑢1
(𝑙)

, 𝑢2
(𝑙)

, 𝑢3
(𝑙)

, 𝑢4
(𝑙)

, 𝑢5
(𝑙)

} and any one of its peripheral vertices in 

𝐴𝐸𝐹(𝐺), there is a shortest path 𝑃ℎ
(𝑚)

 in 𝐴𝐸𝐹(𝐺) where 𝑚 is the positive integer and ℎ =

3,4,5. Let 𝑃ℎ
(𝑚)

: 𝑢1
(𝑚)

𝑢2
(𝑚)

. . . 𝑢ℎ
(𝑚)

 be a shortest path between 𝑢1
(𝑚)

 and 𝑢ℎ
(𝑚)

 in 𝐴𝐸𝐹(𝐺) of 

length ℎ − 1. Since 𝐴𝐸𝐹(𝑃ℎ
(𝑚)

) = 𝑃ℎ
(𝑚)

 for ℎ = 3,4,5, 𝑃ℎ
(𝑚)

 in 𝐺 for ℎ = 3,4,5. Also 

𝑢𝑖
(𝑙)

𝑢𝑗
(𝑚)

∈ 𝐺 and 𝑢𝑖
(𝑙)

≠ 𝑢𝑗
(𝑚)

 whenever 𝑢𝑖
(𝑙)

𝑢𝑗
(𝑚)

∈ 𝐴𝐸𝐹(𝐺) for 1 ≤ 𝑖 ≤ 5, 1 ≤ 𝑗 ≤ ℎ and 

𝑙 ≠ 𝑚. If 𝑢𝑖
(𝑙)

 and 𝑢𝑗
(𝑚)

 are adjacent in 𝐴𝐸𝐹(𝐺), then 𝑢𝑖
(𝑙)

𝑢𝑘
(𝑚)

∈ 𝐺 for 𝑘 ≠ 𝑗, 1 ≤ 𝑗, 𝑘 ≤ ℎ, 

1 ≤ 𝑖 ≤ 5 and 𝑙 ≠ 𝑚. This implies that 𝑒(𝑣) = 2 for all 𝑣 ∈ 𝑉(𝐺). Thus 𝐺 ∈ 𝐹22.                      □ 

Proposition 2.11. If 𝐺 ∈ 𝐹3, then 𝐴𝐸𝐹(𝐺) ∈ 𝐹3 ∪ 𝐹4. 
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Proof. If 𝐴𝐸𝐹(𝐺) ∈ 𝐹11 ∪ 𝐹12, then by Proposition 2.4 and Proposition 2.5, 𝐺 ∈ 𝐹11 ∪ 𝐹12, a 

contradiction. If 𝐴𝐸𝐹(𝐺) ∈ 𝐹24, then by Lemma 2.10, 𝐺 ∈ 𝐹22, a contradiciton. 

Case 1. 𝐴𝐸𝐹(𝐺) ∈ 𝐹22. Then 𝐴𝐸𝐹(𝐺) has no pendant vertex. 

Case 1.1. Suppose 𝐴𝐸𝐹(𝐺) has a triangle. Let 𝑢𝑣𝑤 be a triangle in 𝐴𝐸𝐹(𝐺). Since 𝑢𝑣 ∈

𝐸(𝐴𝐸𝐹(𝐺)), there is a shortest path between 𝑢 and 𝑣 of length ⌊
𝑒(𝑢)+𝑒(𝑣)

2
⌋ in 𝐺. 

Case 1.1.1. Suppose 𝑒(𝑢) + 𝑒(𝑣) is even and ⌊
𝑒(𝑢)+𝑒(𝑣)

2
⌋ = 𝑀. If 𝑒(𝑢) ≠ 𝑒(𝑣), then 

𝑑𝐺(𝑢, 𝑣) < 𝑀. So 𝑒(𝑢) = 𝑀 = 𝑒(𝑣). Let 𝑃1: 𝑢𝑥1𝑥2. . . 𝑥𝑚−1𝑣 be a shortest path between 𝑢 

and 𝑣 in 𝐺 of length 𝑀. Since 𝑣𝑤 ∈ 𝐸(𝐴𝐸𝐹(𝐺)), 𝑤 ≠ 𝑢 and 𝑤 ≠ 𝑥𝑚−1. So 𝑤 = 𝑥1 and 

𝑢𝑤 ∈ 𝐸(𝐺). Since 𝑢𝑤 ∈ 𝐸(𝐴𝐸𝐹(𝐺)), either 𝑢 or 𝑤 is a full degree vertex in 𝐺, a 

contradiction. 

Case 1.1.2. Suppose 𝑒(𝑢) + 𝑒(𝑣) is odd and ⌊
𝑒(𝑢)+𝑒(𝑣)

2
⌋ = 𝑀 − 1. In this case, the 

eccentricity of any one of 𝑢, 𝑣 is 𝑀 − 1. Let 𝑒(𝑢) = 𝑀 − 1. Then 𝑒(𝑣) = 𝑀 and 𝑒(𝑤) = 𝑀. 

So 𝑒(𝑣) + 𝑒(𝑤) is even. By Case 1.1.1, a contradiction arises. 

Case 1.2. Suppose 𝐴𝐸𝐹(𝐺) has no triangle. Then every vertex in 𝐴𝐸𝐹(𝐺) is adjacent to non 

adjacent pair of vertices in 𝐴𝐸𝐹(𝐺). Let 𝑣2 be a vertex in 𝐴𝐸𝐹(𝐺) such that 𝑣2 is adjacent to 

non adjacent pair of vertices 𝑣1 and 𝑣3 in 𝐴𝐸𝐹(𝐺). Since 𝑑(𝑣3) ≥ 2 in 𝐴𝐸𝐹(𝐺), there exists a 

vertex 𝑣4 such that 𝑣4 is adjacent to 𝑣3 in 𝐴𝐸𝐹(𝐺). Since 𝑣2𝑣3 ∈ 𝐸(𝐴𝐸𝐹(𝐺)), ther exists a 

shortest path between 𝑣2 and 𝑣3 in 𝐺. let 𝑃3: 𝑣2𝑦1𝑦2. . . 𝑦𝑚−1𝑣3 be a shortest path between 𝑣2 

and 𝑣3 in 𝐺 of length 𝑀. Since 𝑣1𝑣2 ∈ 𝐸(𝐴𝐸𝐹(𝐺)), 𝑣1 ≠ 𝑣3 and 𝑣1 ≠ 𝑦1. So 𝑣1 = 𝑦𝑚−1 and 

𝑒(𝑦𝑚−1) = 𝑀 − 1 in 𝐺. Since 𝑣3𝑣4 ∈ 𝐸(𝐴𝐸𝐹(𝐺)), 𝑣4 ≠ 𝑣2 and 𝑣4 ≠ 𝑦𝑚−1. So 𝑣4 = 𝑦1 and 

𝑒(𝑦1) = 𝑀 − 1 in 𝐺. Therefore 𝑦𝑖 is not adjacent to 𝑣𝑗  for 2 ≤ 𝑖 ≤ 𝑀 − 2 and 1 ≤ 𝑗 ≤ 4. 

Hence 𝐺 has at least two components, a contradiction to 𝐺 ∈ 𝐹3. If 𝑀 − 1 = 2, then 

𝑣4𝑣2𝑣3𝑣1 is a path in 𝐺 and hence 𝐺 ∈ 𝐹23, a contradiction. 

Case 2. 𝐴𝐸𝐹(𝐺) ∈ 𝐹23. Then there is a path 𝑃′1: 𝑢1𝑢2𝑢3𝑢4 in 𝐴𝐸𝐹(𝐺) of length 3 so that their 

eccentricities are 3,2,2,3 respectively. Since 𝐴𝐸𝐹(𝑃′1) = 𝑃′1, 𝑃′1: 𝑢2𝑢4𝑢1𝑢3 is in 𝐺. So 

𝑒𝐺(𝑢2) = 3 = 𝑒𝐺(𝑢3) and 𝑒𝐺(𝑢4) = 2 = 𝑒𝐺(𝑢1). For a peripheral vertex and its eccentric 

vertex in 𝐴𝐸𝐹(𝐺), there is a shortest path 𝑃′′1 in 𝐴𝐸𝐹(𝐺) of length 3. Let 𝑃′′1: 𝑢′1𝑢′2𝑢′3𝑢′4 

be a shortest path between 𝑢′1 and 𝑢′4 in 𝐴𝐸𝐹(𝐺) of length 3. Since 𝐴𝐸𝐹(𝑃′′1) = 𝑃′′1, 

𝑃′′1: 𝑢′2𝑢′4𝑢′1𝑢′3 is in 𝐺. Also 𝑢𝑖𝑢′𝑗 ∈ 𝐺 and 𝑢𝑖 ≠ 𝑢′𝑗 whenever 𝑢𝑖𝑢′𝑗 ∈ 𝐴𝐸𝐹(𝐺) for 1 ≤

𝑖, 𝑗 ≤ 4. If 𝑢𝑖 and 𝑢′𝑗 are adjacent in 𝐴𝐸𝐹(𝐺), 𝑢𝑖𝑢′𝑘 ∈ 𝐺 for 𝑘 ≠ 𝑗, 1 ≤ 𝑖, 𝑗 ≤ 4. This implies 

that 𝑒(𝑣) = 2 in 𝐺 for each peripheral vertex 𝑣 in 𝐴𝐸𝐹(𝐺), a contradiction.                  □ 

Proposition 2.12. Let 𝐺 be a graph such that 𝑑(𝐺) − 𝑟(𝐺) ≥ 2. Then 𝐴𝐸𝐹(𝐺) ∈ 𝐹4. 

Proof. Suppose 𝐺 ∈ 𝐹24. Then the non adjacent vertices of 𝑆2(𝐺) are adjacent between them 

in 𝐴𝐸𝐹(𝐺). Also by the definition, no vertices of 𝑆2(𝐺) are adjacent to the remaining vertices 

of 𝐺 in 𝐴𝐸𝐹(𝐺). Hence 𝐴𝐸𝐹(𝐺) ∈ 𝐹4. Suppose 𝐺 ∈ 𝐹3 and 𝑑(𝐺) − 𝑟(𝐺) ≥ 2. Then the 

peripheral vertices and its 𝐹-average eccentric vertices are adjacent only in 𝐴𝐸𝐹(𝐺) and the 
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remaining vertices of 𝐺 are not adjacent to those vertices in 𝐴𝐸𝐹(𝐺). Hence 𝐴𝐸𝐹(𝐺) ∈ 𝐹4.      

□ 

Theorem 2.13. Let 𝐺 be a graph such that 𝑑(𝐺) − 𝑟(𝐺) ≥ 2. Then 𝐴𝐸𝐹(𝐺) ∈ 𝐹4 if and only 

if 𝐺 ∈ 𝐹24 ∪ 𝐹3. 

Proof. Suppose 𝐴𝐸𝐹(𝐺) ∈ 𝐹4. If 𝐺 ∈ 𝐹24 ∪ 𝐹3, then 𝐺 ∈ 𝐹11 ∪ 𝐹12 ∪ 𝐹22 ∪ 𝐹23. This implies 

that 𝑑(𝐺) − 𝑟(𝐺) < 2, a contradiction. Hence 𝐺 ∈ 𝐹24 ∪ 𝐹3. 

Suppose 𝐺 ∈ 𝐹24 ∪ 𝐹3. Then by Proposition 2.12, 𝐴𝐸𝐹(𝐺) ∈ 𝐹4.          □ 

Proposition 2.14. Let 𝐺 be a connected graph on 𝑛 vertices. Then 𝑟(𝐴𝐸𝐹(𝐺)) = 1 if and 

only if 𝑟(𝐺) = 1. 

Proof. The result follows from Proposition 2.4 and Proposition 2.5.          □ 

Theorem 2.15. Let 𝐺 be a graph on 𝑛 vertices. Then 𝐴𝐸𝐹(𝐺) ∈ 𝐹22 if and only if any one of 

the following conditions hold 

(1) 𝐺 ∈ 𝐹22 and 𝐺 ∈ 𝐹22 

(2) 𝐺 ∈ 𝐹23 in which there is no vertex adjacent to at least two non adjacent vertices in 𝑆3(𝐺) 

and 𝐺 ∈ 𝐹22. 

(3) 𝐺 ∈ 𝐹4 and it has no isolated vertex. 

Proof. If 𝐺 ∈ 𝐹4 and it has no isolated vertex, then by Proposition 2.2, 𝐴𝐸𝐹(𝐺) ∈ 𝐹22. If 𝐺 

has at least one isolated vertex, then by Proposition 2.1 and Theorem 2.3, 𝐴𝐸𝐹(𝐺) ∈ 𝐹11 ∪

𝐹12 and hence 𝐴𝐸𝐹(𝐺) ∈ 𝐹22. So 𝑟(𝐺) ≥ 1. By Proposition 2.14, 𝑟(𝐺) = 1 if and only if 

𝑟(𝐴𝐸𝐹(𝐺)) = 1. In this case, 𝐴𝐸𝐹(𝐺) ∈ 𝐹22. If 𝐺 ∈ 𝐹22 and 𝐺 ∈ 𝐹22, then by Theorem 2.7, 

𝐴𝐸𝐹(𝐺) ∈ 𝐹22. Also by Theorem 2.7, 𝐴𝐸𝐹(𝐺) ∈ 𝐹22 if 𝐺 ∈ 𝐹22. If 𝐺 ∈ 𝐹23 in which there is 

no vertex adjacent to at least two non adjacent vertices in 𝑆3(𝐺) and 𝐺 ∈ 𝐹22, then by 

Theorem 2.8, 𝐴𝐸𝐹(𝐺) ∈ 𝐹22. Also by Theorem 2.8, 𝐴𝐸𝐹(𝐺) ∈ 𝐹22 if 𝐺 ∈ 𝐹22. If 𝐺 ∈ 𝐹23 in 

which there is a vertex 𝑢 such that 𝑢 is adjacent to atleast two non adjacent pairs of vertices 

𝑤1 and 𝑤2 in 𝑆3(𝐺), then by Proposition 2.9, 𝐴𝐸𝐹(𝐺) ∈ 𝐹23 ∪ 𝐹3. So 𝐴𝐸𝐹(𝐺) ∈ 𝐹22. If 𝐺 ∈

𝐹24, then by Proposition 2.12, 𝐴𝐸𝐹(𝐺) ∈ 𝐹4 and hence 𝐴𝐸𝐹(𝐺) ∈ 𝐹22. If 𝐺 ∈ 𝐹3, then by 

Proposition 2.11, 𝐴𝐸𝐹(𝐺) ∈ 𝐹3 ∪ 𝐹4. So 𝐴𝐸𝐹(𝐺) ∈ 𝐹22. By considering all the cases, the 

result follows.     □ 

Theorem 2.16 Let 𝐺 be a graph on 𝑛 vertices. Then 𝐴𝐸𝐹(𝐺) ∈ 𝐹23 if and only if any one of 

the following conditions hold 

(1) 𝐺 ∈ 𝐹22 and 𝐺 ∈ 𝐹23 

(2) 𝐺 ∈ 𝐹23 in which there is no vertex adjacent to at least two non adjacent vertices in 𝑆3(𝐺) 

and 𝐺 ∈ 𝐹23. 
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Proof. If 𝐺 ∈ 𝐹4, then by Proposition 2.1, Proposition 2.2 and Theorem 2.3, 𝐴𝐸𝐹(𝐺) ∈ 𝐹11 ∪

𝐹12 ∪ 𝐹22 and hence 𝐴𝐸𝐹(𝐺) ∈ 𝐹23. So 𝑟(𝐺) ≥ 1. By Proposition 2.14, 𝑟(𝐺) = 1 if and only 

if 𝑟(𝐴𝐸𝐹(𝐺)) = 1. In this case, 𝐴𝐸𝐹(𝐺) ∈ 𝐹23. If 𝐺 ∈ 𝐹22 and 𝐺 ∈ 𝐹23, then by Theorem 2.7, 

𝐴𝐸𝐹(𝐺) ∈ 𝐹23. Also by Theorem 2.7, 𝐴𝐸𝐹(𝐺) ∈ 𝐹23 if 𝐺 ∈ 𝐹23. If 𝐺 ∈ 𝐹23 in which there is 

no vertex adjacent to at least two non adjacent vertices in 𝑆3(𝐺) and 𝐺 ∈ 𝐹23, then by 

Theorem 2.8, 𝐴𝐸𝐹(𝐺) ∈ 𝐹23. Also by Theorem 2.8, 𝐴𝐸𝐹(𝐺) ∈ 𝐹23 if 𝐺 ∈ 𝐹23. If 𝐺 ∈ 𝐹24, 

then by Proposition 2.12, 𝐴𝐸𝐹(𝐺) ∈ 𝐹4. So 𝐴𝐸𝐹(𝐺) ∈ 𝐹23. If 𝐺 ∈ 𝐹3, then by Proposition 

2.11, 𝐴𝐸𝐹(𝐺) ∈ 𝐹3 ∪ 𝐹4 and hence 𝐴𝐸𝐹(𝐺) ∈ 𝐹23. By considering all the cases, the result 

follows.       □ 

Theorem 2.17. Let 𝐺 be a graph on 𝑛 vertices. Then 𝐴𝐸𝐹(𝐺) ∈ 𝐹24 if and only if 𝐺 ∈ 𝐹22 

and 𝐺 ∈ 𝐹24. 

Proof. If 𝐺 ∈ 𝐹4, then by Proposition 2.1, Proposition 2.2 and Theorem 2.3, 𝐴𝐸𝐹(𝐺) ∈ 𝐹11 ∪

𝐹12 ∪ 𝐹22 and hence 𝐴𝐸𝐹(𝐺) ∈ 𝐹24. So 𝑟(𝐺) ≥ 1. By Proposition 2.14, 𝑟(𝐺) = 1 if and only 

if 𝑟(𝐴𝐸𝐹(𝐺)) = 1. In this case, 𝐴𝐸𝐹(𝐺) ∈ 𝐹24. If 𝐺 ∈ 𝐹22 and 𝐺 ∈ 𝐹24, then by Theorem 2.7, 

𝐴𝐸𝐹(𝐺) ∈ 𝐹24. Also by Theorem 2.7, 𝐴𝐸𝐹(𝐺) ∈ 𝐹24 if 𝐺 ∈ 𝐹24. If 𝐺 ∈ 𝐹23, then by Theorem 

2.8 and Proposition 2.9, 𝐴𝐸𝐹(𝐺) ∈ 𝐹22 ∪ 𝐹23 ∪ 𝐹3 and hence 𝐴𝐸𝐹(𝐺) ∈ 𝐹24. If 𝐺 ∈ 𝐹24, then 

by Proposition 2.12, 𝐴𝐸𝐹(𝐺) ∈ 𝐹4. So 𝐴𝐸𝐹(𝐺) ∈ 𝐹24. If 𝐺 ∈ 𝐹3, then by Proposition 2.11, 

𝐴𝐸𝐹(𝐺) ∈ 𝐹3 ∪ 𝐹4 and hence 𝐴𝐸𝐹(𝐺) ∈ 𝐹24. By considering all the cases, the result follows.          

Theorem 2.18. Let 𝐺 be a graph on 𝑛 vertices. Then 𝐴𝐸𝐹(𝐺) ∈ 𝐹3 ∪ 𝐹4 if and only if any one 

of the following conditions hold 

(1) 𝐺 ∈ 𝐹22 and 𝐺 ∈ 𝐹3 ∪ 𝐹4 

(2) 𝐺 ∈ 𝐹24 

(3) 𝐺 ∈ 𝐹3. 

Proof. If 𝐺 ∈ 𝐹4, then by Proposition 2.1, Proposition 2.2 and Theorem 2.3, 𝐴𝐸𝐹(𝐺) ∈ 𝐹11 ∪

𝐹12 ∪ 𝐹22 and hence 𝐴𝐸𝐹(𝐺) ∈ 𝐹3 ∪ 𝐹4. So 𝑟(𝐺) ≥ 1. By Proposition 2.14, 𝑟(𝐺) = 1 if and 

only if 𝑟(𝐴𝐸𝐹(𝐺)) = 1. In this case, 𝐴𝐸𝐹(𝐺) ∈ 𝐹3 ∪ 𝐹4. If 𝐺 ∈ 𝐹22 and 𝐺 ∈ 𝐹3 ∪ 𝐹4, then by 

Theorem 2.7, 𝐴𝐸𝐹(𝐺) ∈ 𝐹3 ∪ 𝐹4. Also by Theorem 2.7, 𝐴𝐸𝐹(𝐺) ∈ 𝐹3 ∪ 𝐹4 if 𝐺 ∈ 𝐹3 ∪ 𝐹4. If 

𝐺 ∈ 𝐹24, then by Proposition 2.12, 𝐴𝐸𝐹(𝐺) ∈ 𝐹4. If 𝐺 ∈ 𝐹3, then by Proposition 2.11, 

𝐴𝐸𝐹(𝐺) ∈ 𝐹3 ∪ 𝐹4. By considering all the cases, the result follows. □            

3.   The graph 𝑮 and its complement 𝑮 satisfying 𝑨𝑬𝑭(𝑮) = 𝑨𝑬𝑭(𝑮) and 𝑨𝑬𝑭(𝑮) =

𝑨𝑬𝑭(𝑮) 

In this section, we analyse the graphs in which the 𝐹-average eccentric graph of graph and its 

complement are one and the same. Also we analyse the graph 𝐺 so that the complement of 𝐹-

average eccentric graph of 𝐺 is same as 𝐹-average eccentric graph of graph 𝐺. 
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Theorem 3.1. Let 𝐺 be a graph on 𝑛 vertices. Then 𝐴𝐸𝐹(𝐺) = 𝐴𝐸𝐹(𝐺) if and only if 𝐺 ∈

𝐹11. 

Proof. If 𝐺 ∈ 𝐹11, then by Theorem I, 𝐴𝐸𝐹(𝐺) = 𝐺 = 𝐾𝑛. Also 𝐺 is totally disconnected and 

hence 𝐴𝐸𝐹(𝐺) = 𝐾𝑛 = 𝐴𝐸𝐹(𝐺). 

Suppose 𝐴𝐸𝐹(𝐺) = 𝐴𝐸𝐹(𝐺). Let 𝐺 be a graph with 𝑟(𝐺) ≥ 2. Then 𝐴𝐸𝐹(𝐺) ⊆ 𝐺. Therefore 

𝐴𝐸𝐹(𝐺) ⊆ 𝐺. Since 𝑟(𝐺) ≥ 2, 𝑟(𝐺) ≥ 2. Therefore there exists a pair of antipodal vertices 𝑢 

and 𝑣 in 𝐺 such that 𝑢𝑣 ∈ 𝐸(𝐺) and 𝑑𝐺(𝑢, 𝑣) = 𝑑(𝐺) = ⌊
𝑒(𝑢)+𝑒(𝑣)

2
⌋. Hence 𝑢𝑣 ∈ 𝐴𝐸𝐹(𝐺) but 

𝑢𝑣 ∈ 𝐸(𝐺), a contradiction. Hence 𝑟(𝐺) = 1. So either 𝐺 ∈ 𝐹11 or 𝐺 ∈ 𝐹12. Suppose 𝐺 ∈

𝐹12. Let 𝑣 be a full degree vertex and 𝑢, 𝑤 be two non adjacent vertices in 𝐺. Then by the 

definition 𝑢𝑣𝑤 is a triangle in 𝐴𝐸𝐹(𝐺). Since 𝑣 is an isolated vertex in 𝐺, 𝑣 is a full degree 

vertex in 𝐴𝐸𝐹(𝐺). Since 𝑢𝑤 ∈ 𝐸(𝐺), 𝑢𝑤 ∈ 𝐸(𝐺) and hence 𝑢 and 𝑤 are in the same 

component of the disconnected graph 𝐺. So 𝑢𝑤 ∈ 𝐴𝐸𝐹(𝐺), a contradiction.     □ 

Theorem 3.2. Let 𝐺 be a graph on 𝑛 vertices. Then 𝐴𝐸𝐹(𝐺) = 𝐴𝐸𝐹(𝐺) if and only if any one 

of the following will hold 

(1) 𝐺 ∈ 𝐹22 and 𝐺 ∈ 𝐹22 

(2) 𝐺 ∈ 𝐹22 and 𝐺 ∈ 𝐹23 in which there is no vertex adjacent to at least two non adjacent 

vertices in 𝑆3(𝐺) 

(3) 𝐺 ∈ 𝐹22 and 𝐺 is disconnected in which each component is complete  

(4) 𝐺 ∈ 𝐹23 in which there is no vertex adjacent to at least two non adjacent vertices in 𝑆3(𝐺) 

and 𝐺 ∈ 𝐹22 

(5) 𝐺 ∈ 𝐹23 in which there is no vertex adjacent to at least two non adjacent vertices in 𝑆3(𝐺) 

and 𝐺 ∈ 𝐹23 in which there is no vertex adjacent to at least two non adjacent vertices in 

𝑆3(𝐺) 

(6) 𝐺 ∈ 𝐹4 in which each component is complete and 𝐺 ∈ 𝐹22 

Proof. Suppose 𝐺 is connected. Then by Theorem 3.1, 𝐺 ∈ 𝐹11 if and only if 𝐴𝐸𝐹(𝐺) =

𝐴𝐸𝐹(𝐺). In this case, 𝐴𝐸𝐹(𝐺) ≠ 𝐴𝐸𝐹(𝐺). If 𝐺 ∈ 𝐹12, then 𝐺 has a full degree vertex say 𝑣. 

Let 𝑢 and 𝑤 be two non adjacent vertices in 𝐺. Then by the definition, 𝑢𝑣𝑤 is a triangle in 

𝐴𝐸𝐹(𝐺). Since 𝑣 is an isolated vertex in 𝐺 and 𝑢𝑤 is an edge in 𝐺, 𝑣𝑢 and 𝑣𝑤 ∈ 𝐸(𝐴𝐸𝐹(𝐺)) 

but 𝑢𝑤 ∈ 𝐸(𝐴𝐸𝐹(𝐺)). So 𝐴𝐸𝐹(𝐺) ≠ 𝐴𝐸𝐹(𝐺). 

Case 1. 𝐺 ∈ 𝐹22. Then 𝐺 ∈ 𝐹22 ∪ 𝐹23 ∪ 𝐹24 ∪ 𝐹3 ∪ 𝐹4. If 𝐺 ∈ 𝐹22, then by Theorem J, 

𝐴𝐸𝐹(𝐺) = 𝐺 and 𝐴𝐸𝐹(𝐺) = 𝐺. Hence 𝐴𝐸𝐹(𝐺) = 𝐴𝐸𝐹(𝐺). Suppose 𝐺 ∈ 𝐹23. If 𝐺 has a 

vertex 𝑤 such that 𝑤 is adjacent to at least two non adjacent pairs of vertices 𝑢 and 𝑣 in 
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𝑆3(𝐺), then by Theorem J, 𝐴𝐸𝐹(𝐺) ≠ 𝐺. Hence 𝐴𝐸𝐹(𝐺) ≠ 𝐴𝐸𝐹(𝐺). If 𝐺 has no vertex 

adjacent to at least two non adjacent vertices in 𝑆3(𝐺), then by Theorem J, 𝐴𝐸𝐹(𝐺) = 𝐺. 

Also 𝐴𝐸𝐹(𝐺) = 𝐺 since 𝐺 ∈ 𝐹22. Hence 𝐴𝐸𝐹(𝐺) = 𝐴𝐸𝐹(𝐺). Suppose 𝐺 ∈ 𝐹24 ∪ 𝐹3. Let 𝑢 ∈

𝑉(𝐺). Then 𝑢 is adjacent to all the vertices 𝑣 in 𝐺 such that 𝑑𝐺(𝑢, 𝑣) ≥ 2. since 𝑟(𝐺) ≥ 2, 

the vertex 𝑢 and its non 𝐹-average eccentric vertices 𝑤 in 𝐺 are adjacent in 𝐺. Then 

𝑢𝑤 ∈ 𝐸(𝐴𝐸𝐹(𝐺)) and 𝑢𝑤 ∈ 𝐸(𝐴𝐸𝐹(𝐺)). Hence 𝐴𝐸𝐹(𝐺) ≠ 𝐴𝐸𝐹(𝐺). Suppose 𝐺 ∈ 𝐹4. If 𝐺 

has at least one non complete component, then by Theorem J, 𝐴𝐸𝐹(𝐺) ≠ 𝐺. Since 𝐺 ∈ 𝐹22, 

𝐴𝐸𝐹(𝐺) = 𝐺 and hence 𝐴𝐸𝐹(𝐺) ≠ 𝐴𝐸𝐹(𝐺). If 𝐺 has no non complete component, then by 

Theorem J, 𝐴𝐸𝐹(𝐺) = 𝐺 and hence 𝐴𝐸𝐹(𝐺) = 𝐴𝐸𝐹(𝐺). 

Case 2. 𝐺 ∈ 𝐹23. Then 𝐺 ∈ 𝐹22 ∪ 𝐹23. Suppose 𝐺 ∈ 𝐹23 in which there is no vertex adjacent 

to at least two non adjacent vertices in 𝑆3(𝐺). Then by Theorem J, 𝐴𝐸𝐹(𝐺) = 𝐺. If 𝐺 ∈ 𝐹22, 

then by Theorem J, 𝐴𝐸𝐹(𝐺) = 𝐺. So 𝐴𝐸𝐹(𝐺) = 𝐴𝐸𝐹(𝐺). If 𝐺 ∈ 𝐹23 in which there is no 

vertex adjacent to at least two non adjacent vertices in 𝑆3(𝐺), then by Theorem J, 𝐴𝐸𝐹(𝐺) =

𝐺 and hence 𝐴𝐸𝐹(𝐺) = 𝐴𝐸𝐹(𝐺). If 𝐺 ∈ 𝐹23 in which there is a vertex 𝑤′ such that 𝑤′ is 

adjacent to at least two non pairs of vertices 𝑢′ and 𝑣′ in 𝑆3(𝐺), then by Theorem J, 

𝐴𝐸𝐹(𝐺) ≠ 𝐺. Hence 𝐴𝐸𝐹(𝐺) ≠ 𝐴𝐸𝐹(𝐺). 

Suppose 𝐺 ∈ 𝐹23 in which there is a vertex 𝑤 such that 𝑤 is adjacent to at least two non 

adjacent pairs of vertices 𝑢 and 𝑣 in 𝑆3(𝐺). Then by Theorem J, 𝐴𝐸𝐹(𝐺) ≠ 𝐺. If 𝐺 ∈ 𝐹22, 

then by Theorem J, 𝐴𝐸𝐹(𝐺) = 𝐺. So 𝐴𝐸𝐹(𝐺) ≠ 𝐴𝐸𝐹(𝐺). If 𝐺 ∈ 𝐹23 in which there is no 

vertex adjacent to at least two non adjacent vertices in 𝑆3(𝐺), then by Theorem J, 𝐴𝐸𝐹(𝐺) =

𝐺 and hence 𝐴𝐸𝐹(𝐺) ≠ 𝐴𝐸𝐹(𝐺). Suppose 𝐺 ∈ 𝐹23 in which there is a vertex 𝑤′ such that 𝑤′ 

is adjacent to at least two non pairs of vertices 𝑢′ and 𝑣′ in 𝑆3(𝐺). Since 𝐺 ∈ 𝐹23 in which 

there is a vertex 𝑤 such that 𝑤 is adjacent to at least two non adjacent pairs of vertices 𝑢 and 

𝑣 in 𝑆3(𝐺), 𝑢𝑣 ∈ 𝐸(𝐺) and 𝑢𝑣 ∈ 𝐸(𝐴𝐸𝐹(𝐺)). So 𝑢𝑣 ∈ 𝐸(𝐴𝐸𝐹(𝐺)). Hence 𝐴𝐸𝐹(𝐺) ≠

𝐴𝐸𝐹(𝐺). 

Case 3. 𝐺 ∈ 𝐹24 ∪ 𝐹3. Then 𝐺 ∈ 𝐹22. Let 𝑢 ∈ 𝑉(𝐺). Then 𝑢 is adjacent to all the vertices 𝑣 in 

𝐺 such that 𝑑𝐺(𝑢, 𝑣) ≥ 2. Since 𝑟(𝐺) ≥ 2, the vertex 𝑢 and its non 𝐹-average eccentric 

vertices 𝑤 in 𝐺 are adjacent in 𝐺. Then 𝑢𝑤 ∈ 𝐸(𝐴𝐸𝐹(𝐺)) and 𝑢𝑤 ∈ 𝐸(𝐴𝐸𝐹(𝐺)). Hence 

𝐴𝐸𝐹(𝐺) ≠ 𝐴𝐸𝐹(𝐺). 

Suppose 𝐺 is disconnected. If 𝐺 has a non complete component and 𝐺 ∈ 𝐹22, then by 

Theorem J, 𝐴𝐸𝐹(𝐺) ≠ 𝐺 and 𝐴𝐸𝐹(𝐺) = 𝐺. Hence 𝐴𝐸𝐹(𝐺) ≠ 𝐴𝐸𝐹(𝐺). If each component of 

𝐺 is complete and 𝐺 ∈ 𝐹22, then by Theorem J, 𝐴𝐸𝐹(𝐺) = 𝐺 and 𝐴𝐸𝐹(𝐺) = 𝐺. Hence 

𝐴𝐸𝐹(𝐺) = 𝐴𝐸𝐹(𝐺). If 𝐺 is totally disconnected, then 𝐺 ∈ 𝐹11 and by Theorem 3.1, 
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𝐴𝐸𝐹(𝐺) = 𝐴𝐸𝐹(𝐺) and hence 𝐴𝐸𝐹(𝐺) ≠ 𝐴𝐸𝐹(𝐺). If 𝐺 is disconnected with at least one 

isolated vertex and has a non trivial component, then by the definition, 𝐺 ∈ 𝐹12. Let 𝑣′ be a 

full degree vertex and 𝑢′, 𝑤′ be two non adjacent vertices in 𝐺. Then by the definition, 𝑢′𝑣′𝑤′ 

is a triangle in 𝐴𝐸𝐹(𝐺). Since 𝑢′ and 𝑤′ are adjacent and 𝑣′ is an isolated vertex in 𝐺, by the 

definition, 𝑢′𝑣′ and 𝑤′𝑣′ ∈ 𝐸(𝐴𝐸𝐹(𝐺)) but 𝑢′𝑤′ ∈ 𝐸(𝐴𝐸𝐹(𝐺)). Hence 𝐴𝐸𝐹(𝐺) ≠ 𝐴𝐸𝐹(𝐺). 

By considering all the cases, the result follows.                      □ 
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